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Abstract

We study a repeated game with payoff externalities and observable actions where two play-
ers receive information over time about an underlying payoff-relevant state, and strategically
coordinate their actions. Players learn about the true state from private signals, as well as
the actions of others. They commonly learn the true state (Cripps et al., 2008), but do not
coordinate in every equilibrium. We show that there exist stable equilibria in which players
can overcome unfavorable signal realizations and eventually coordinate on the correct action,
for any discount factor. For high discount factors, we show that in addition players can also

achieve efficient payoffs.

Keywords: repeated games, coordination, learning.

1 Introduction

Static coordination games have long been used as models of various important phenomena, such
as currency attack and bank runs (Diamond and Dybvig, 1983). The subsequent literature relaxed
the common knowledge assumption of payoffs by adding private information to the model, and
this led to unexpected findings of a unique inefficient equilibrium.

One of the most important papers in this area is the electronic mail game of Rubinstein (1989).
This game has the salient features of many of the other contributions to the literature and is ar-
guably the simplest setting in which the key arguments can be made. His game has two pure-
strategy Nash equilibria if the state of nature is “high,” but one of these strategies is strictly dom-

inant for each player if the state is “low.”
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We study a repeated game with stage-game payoff structure resembling that of the electronic
mail game, though no explicit communication is allowed (as in the models of bank runs and
currency attacks) except through observable actions. Like other dynamic coordination games with
learning (e.g., Angeletos et al., 2007), we have the state of nature determined at the beginning of
the game, players having access to private signals informative about the state at each period and
observing actions of other players in our model. Our game is infinitely repeated, and players have
dynamic learning about the true state through both one’s own private signals and others” actions.
The learning takes place in a sequential equilibrium of the game, so it is endogenous and depends
on the strategies used by players. This is a difference from the common learning paper of Cripps
et al. (2008), which has private signals but no actions and therefore no concept of equilibrium
learning. Our aim is to construct an equilibrium such that players commonly learn endogenously
and also adjust their actions given this learning to achieve efficient coordination. This approach
to showing efficiency differs from the stochastic game paper of Sugaya and Yamamoto (2020),
which assumes the full-dimensionality of payoffs at every state of nature—referred to as statewise
full-dimensionality. We do not have this assumption.

To be more specific about our model, we consider a repeated coordination game with observ-
able actions and with stage payoffs that depend on an unknown, unchanging state of nature. The
state is either high (H) or low (L). In each period, players choose between two actions: invest (I)
or not invest (N). Not investing is a safe action that always yields stage payoff 0, whereas invest-
ment involves a cost. Investment yields a profit only if the state is high and the other player also
invests.!

In each period, each player observes a private signal regarding the state, and chooses whether
to invest or not. These signals are conditionally independent, and are observed regardless of the
actions taken by the players.? Thus, for each player the uncertainty regarding the state eventually
vanishes, through the aggregation of these signals.

Our aim is to find a sequential equilibrium that achieves efficient coordination and common
learning. Earlier papers, discussed in Section 1.1, have either concentrated on learning without
actions or used the notion of ex-post equilibrium because of the intractability of tracking Bayesian
updating and beliefs based on private signals and actions together. We show that the players
can coordinate on the correct action while learning. We construct equilibria with the stronger
property of action efficiency, in which, from some time period on, the players choose the correct
action with probability 1. It thus follows that these equilibria are stable (in the sense of Ellison
(1994), who developed the concept in repeated games): when the state is high, players can recover

from events of low signal realizations that cause coordination on the right action (for the high

IThe stage payoffs can be treated as unobservable or as an expectation of a known distribution of payoffs that
depends on the actions chosen. We discount future payoffs but the discount factor 0 can also be taken as a probability
of continuation with the accumulated stage payoffs banked and delivered to the players at the end of the game.

2Equivalently, when players both invest they receive independent random payoffs that depend on the state, but
even when they do not invest, they observe the (random) payoff they would have gotten from investing. One could
alternatively consider a setting in which players receive signals from distributions that also depend on their actions.
We believe that our results hold as long as these signals are informative for any action.



state) to stop. Action efficiency is achievable for any discount factor. We further show that these
equilibria achieve near optimal payoff efficiency when the discount factor is high. We show the
latter by considering paths of payoffs directly.

Toward these results, we develop a partial construction of an equilibrium. The construction
has prior analogues in other areas of economics, but we believe the combination of various ele-
ments of the proof is new in this paper.

Our construction uses the notion of “cool-off strategy.” Cool-off strategies constitute a subset
of all strategies and consist essentially of an initial cool-off phase, where players do not invest ir-
respective of their private signals—thus, the actions are not informative—and accumulate private
signals; followed by an investment phase, where a player attempts to signal to the other player
that his or her private signals suggest investing, which is a stage-game equilibrium only if the state
is high. If any player gets sufficiently negative private information after this, she reverts to not
investing and another cool-off phase starts. We show that there is an equilibrium in this restricted
strategy space (in which each player uses a cool-off strategy) that achieves common learning and
efficient action coordination. We then remove the restriction and show that the strategies con-
structed remain best responses to each other in the unrestricted strategy space.

The fixed point argument gives us a Nash equilibrium in the restricted strategy space. We,
however, show that the best response to a strategy that satisfies the restriction also satisfies the
restriction, so that, in fact, we have a Nash equilibrium in the entire strategy space. Moreover, we
show that this Nash equilibrium is also outcome equivalent to a sequential equilibrium. Though
a similar technique has been used elsewhere, this approach in this setting might be considered an
innovation of this paper.

Our construction depends on some assumptions about the distributions of the private signals,
which we shall discuss in detail later. One assumption is that informative signals are available
no matter what action a player chooses. This rules out one-armed bandits, where there is a safe,
uninformative arm. However, we can accommodate different (but commonly known) signal distri-
butions that depend on the actions being played, so a “safe arm” could give less information than
the “risky arm,” using the terminology of one-armed bandits. We elaborate on the equilibrium in
the next two paragraphs.

In the one-shot version of our game, when signals are strong enough, players can coordinate
on the correct action with high probability; this follows from known results on common g-beliefs
in static Bayesian games (Monderer and Samet, 1989). In our repeated setting, since signals ac-
cumulate over time, private information does indeed become strong, for example if players play
action N for a long time, collect information, play action I if the information is favorable and then
play action N forever if one (or both) of them receives a bad signal and reverts to playing action N
forever. However, players are forward looking, and they can do better than playing action N for-
ever after the first string of bad signals. Moreover, a player’s beliefs are influenced both by his own
private signals and the actions of the other player. Thus reasoning directly about players’ beliefs is

difficult, and one needs to revert to more abstract arguments, with the flavor of social learning, in



order to analyze the dynamics. Indeed, the question that we ask regarding eventual coordination
on the correct action closely corresponds to key questions regarding eventual learning addressed
in the social learning literature (e.g., Smith and Serensen, 2000).

We shall now consider briefly some relevant literature. Section 2 describes the model. Section
3, on equilibrium analysis, is the heart of the paper, with the formal definition of cool-off strate-
gies and the formal arguments informally mentioned in the introduction. This also includes the
main theorems of the paper, on action efficiency and payoff efficiency. Section 4 discusses spe-
cific aspects of the model in greater detail, and Section 5 concludes. Proofs are relegated to the

Appendix unless otherwise mentioned.

1.1 Related literature

There is work related to this paper in three different parts of the economics literature.

A very similar setting of a repeated coordination game with private signals regarding a state
of nature is offered as a motivating example by Cripps et al. (2008), who develop the notion
of common learning to tackle this class of repeated games. The key assumption of this kind of
game is that an action can be strictly dominant in some state of nature. This assumption poses
a fundamental difficulty in the context of repeated games: conditional on such a state that a
particular action is strictly dominant, the set of feasible and individually rational payoffs has
dimension that is strictly less than the number of players. This implies that the standard full-
dimensionality assumption fails to hold at that state, and consequently that we cannot use the
standard techniques used in the literature of repeated games. We believe that the techniques we
develop to solve our game should be easily applicable to theirs, as well as a wide spectrum of
similar games.

Static coordination games with private information have long been used to model many real-
world problems—for instance, currency attacks (Morris and Shin, 1998), bank runs (Goldstein
and Pauzner, 2005), and political regime changes (Edmond, 2013). This literature has dynamic
extensions. The dynamic game of regime change by Angeletos et al. (2007), for example, has a sim-
ilar set-up in terms of private signals and publicly observable (in aggregate) actions, in a repeated
game with a continuum of agents. While their game ends once the agents coordinate on a regime
change, our game is infinitely repeated, but the underlying forces are similar—dynamic learning
about the true state through both one’s own private signals and other players” actions. Chassang
(2010) is also related, but differs from our setting in that it has a state of nature that changes over
time, and an action that is irreversible. Other examples include one of adoption of technology
(Vives, 2007). This example supposes that each agent must decide whether or not to adopt a new
technology, where action I corresponds to adoption and action N to no adoption. Motivated by
Baliga and Sjostrom (2004), we can also consider an example of two allies, each choosing whether
to spend on domestic development, or on joint defense against a common adversary. The state of
nature is the adversary’s type, which ca be either aggressive or not aggressive. If the adversary

is not aggressive, investing in domestic development is optimal for each player, regardless of the



other player’s action. But if the adversary is aggressive, coordinating on joint defense is optimal.
Each ally obtains a sequence of private signals about the adversary’s intentions.

The recent literature on folk theorems in repeated settings is possibly the closest, in its state-
ment of the problem addressed, to our paper. The papers we consider in some detail below are
Yamamoto (2014) and Sugaya and Yamamoto (2020). Most of the other existing work on learn-
ing in repeated games assumes that players observe public signals about the state, and studies
equilibrium strategies in which players ignore private signals and learn only from public signals
(Wiseman, 2005, 2012; Fudenberg and Yamamoto, 2010, 2011).3

Yamamoto (2014) and Sugaya and Yamamoto (2020) are the closest papers to ours. However,
these papers are significantly different along the following dimensions. First, they focus on ex-
post equilibria, which are defined as sequential equilibria in the infinitely repeated game in which
the state 6 is common knowledge for each 6. Since an ex-post equilibrium is a stronger notion,
their folk theorem (based on ex-post equilibria) implies the folk theorem based on sequential equi-
libria. Their results do not apply to our setting, since they make assumptions that our model does
not satisfy. Second, for their folk theorem, they assume that the set of feasible and individually
rational payoffs has the dimension equal to the number of players for every state. As argued above,
this assumption fails to hold in our environment, and therefore we cannot use techniques used in
repeated games. Third, the folk theorem of Sugaya and Yamamoto (2020) fails to hold when there
are two players and private signals are conditionally independent (See their Appendix D). Since

our work considers such cases, it is complementary to theirs also in this sense.

2 Model

We consider an infinitely repeated game of incomplete information. There is an unknown payoff-
relevant binary state of nature 6 € © = {H,L}. Time is discrete and the horizon is infinite, i.e.,
t =1,2,3.... There are two players N = {1,2}. Each player i, at every period ¢, chooses an action
a; € A; ={I,N}. Action I can be interpreted as an action to invest and action N as not invest. We
assume that the state of nature is determined at period t = 1 and stays fixed for the rest of the
game. Further, both players hold a common prior (pg, 1 —pg) € A(®), where py € (0,1) is the initial
probability that the state is 6 = H. The payoff to player i, in every period, from any action profile
ae€A=A; xA, depends on the state and is defined by a per-period payoff function u;(a,0). The

following table shows the payoffs from actions associated with states & = H and 6 = L respectively:

I N 1 N
1 1-¢,1-c¢ -, 0 1 —c,—C —c,0
N 0,—c 0,0 N 0,—c 0,0
Table 1: 6 = H Table 2: 6 =L

3The result of Wiseman (2012) holds even in the case where there is no public signal, but instead players’ private
signals are very closely correlated, if there are at least three players and cheap talk is allowed.
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Figure 1: Timeline

Here c € (0,1) is a cost of investing, and so investment is beneficial if and only if the other player
chooses to invest and the state is H. In this case both players obtain a payoff equal to 1 —c. In
the state H, there are two stage-game equilibria in pure strategies, (I,I) and (N,N), where the
former is Pareto dominant. In the state L, however, action N is strictly dominant, thereby the
unique stage-game equilibrium being (N, N). We assume that stage payoffs are not observed by
the players.

Private Signals. At every period t, each player i receives a private signal x;; € X about the state,
where X is a finite signal space.* The signal distribution under the state 6 is given by fy € A(X).
We assume that conditional on the state 0, private signals are independent across players and across
time. We also assume that fy # f;. This allows both players to individually learn the state of the
nature asymptotically via their own private signals. Finally, we assume full support: fg(x) > 0 for
all 6 € © and for all x € X. Hence, no private signal fully reveals the state of nature.

Histories and Strategies. At every period f, each player i receives a private signal x;; and then
chooses action a;;. Under our assumption of perfect monitoring of actions, player i’s private his-

tory before taking an action a;; at period t is hence h;; = (a'~!

,xf), where we denote by a'~! =
(ay,ay,...,a,1) € A" the past action profiles and by xf = (xj1,%X;2,...,%j;) € X' player i’s private
signals. Let H;; = A'™! x X" be the set of all period-t private histories for player i. Note that action
history a’~! is publicly known. Figure 1 depicts the sequence of events. A pure strategy for player
i is a function s; : | J,H;; — A;. Let S; denote the set of all player i’s pure strategies. We equip
this set with the product topology. Let ¥; = A(S;) denote the set of mixed strategies, which are the

Borel probability measures on §;.

Payoffs and Equilibria. Both players evaluate infinite streams of payoffs via discounted sum
where the discount factor is 6 € (0,1). Hence, in the infinitely repeated game, if the players choose
a path of actions (a;); € A®, then player i receives a long-run payoff } ;5(1 - 0)6'1u,(a,, 0) when
the state is 6. Hence, under a (mixed) strategy profile o, the long-run expected payoff to the player

is

]EU[Z(l —8)5" ui(a,,0)),

t>1

4The assumption that the signal space is finite is not crucial for establishing our results. The key feature of the
signal distributions that we exploit is that they generate bounded likelihood ratios.



where the expectation operator E, is defined with respect to the probability measure P, induced

by the strategy profile o on all possible paths of the repeated interaction Q = © x (X?2)® x A®.
Our equilibrium concept is sequential equilibrium. We show that in our setting, for every

Nash equilibrium there exists an outcome-equivalent sequential equilibrium (Appendix B). As

usual, a strategy profile is a Nash equilibrium if no player has a profitable deviation.

3 Equilibrium Analysis

In this section, we study equilibria of the infinitely repeated game. Our goal is to establish the
existence of equilibria that are efficient. We shall consider two notions of efficiency, namely action
efficiency and payoff efficiency. Action efficiency requires that player actions converge almost
surely to the correct actions, i.e., both players eventually invest (resp. not invest) under the state
0 = H (resp. 0 = L). Payoff efficiency requires that players obtain payoffs close to efficient payoffs,
i.e., in the state 6 = H (resp. 6 = L), ex-ante long run payoffs of both players are close to 1 —c (resp.
close to 0). The main result is that action efficiency can always be obtained in equilibrium and
payoff efficient equilibria exist for discount factor o close to one.

One-period Example

To informally illustrate the nature of incentives that arise in our coordination framework, we first
consider the scenario when there is only a single period of interaction. Suppose that players follow
a threshold rule to coordinate on actions. That is, for each player i, there exists a threshold belief
p; such that player i invests (resp. does not invest) if his belief about the state 6 = H is above
(resp. below) the threshold. For simplicity, let us further assume that no posterior belief after the
one period signal equals the threshold. Now, if player i’s belief p; is above his threshold and he

chooses to invest, then he obtains a payoff equal to
pilPlp;>p; 16 =H]-c,

where P[p; > p; | 0 = H] is the probability that player j invests conditional on the state 6 = H.
Since player i obtains payoff of 0 from not investing, he has an incentive to invest only if this
probability is high enough. Moreover, even if it were the case that the other player invests for
sure in the state H, player i would still need his belief p; to be above c in order to find investment
optimal. Hence, when player j invests with high probability in the state H, the threshold of player
i would be close to c. Likewise, if player j invests with low probability in the state H, the threshold
would be close to one. There may hence arise multiple equilibria. There could be an equilibrium
with low thresholds where both players invest with high probability in the state H. There could

also be an equilibrium with high thresholds where this probability is low or even zero.’

SThis multiplicity arises from the assumption that investment cannot be strictly dominant in either state, unlike
global games (Carlsson and van Damme, 1993).



Note the roles played by both a player’s belief about the state, and by his belief about his op-
ponent’s beliefs. If player i believes that the state is & = H with probability 1, his payoff from
investing is IP[p; > p; | 6 = H] - c. Thus, he invests only if he believes that player j invests with
probability at least c. On the other hand, if he believes that player j chooses to invest with prob-
ability 1, his payoff from investing is p; — c. Thus, he invests only if he believes that the state is
0 = H with probability at least c. This demonstrates that not only do players need high enough
beliefs about the state H in order to invest, but also need to believe with high probability that
their opponents hold high beliefs as well. Both players invest only if they acquire “approximate
common knowledge” of the state being 6 = H (Monderer and Samet, 1989). This naturally raises
the question of whether an analogue of this insight obtains in the repeated game we consider here.

Now, imagine that the first period signals were informationally very precise. This would al-
low a very high probability of investment in the state H in the low threshold equilibrium. This
suggests that if such precise signals were the result of accumulating a series of less precise ones,
say received over time, the probability of coordinating on the right actions would be very high.
In the infinitely repeated game, such a situation can arise, for example, when players choose to
not invest and individually accumulate their private signals, followed by an attempt to coordinate
with a low threshold.

In the dynamic context, because players are forward looking, such a threshold rule would also
depend on how players behave in the future. For example, if non-investment triggers both players
to not invest forever, the thresholds for investment would be low. This is because non-investment
would yield a payoff of 0 whereas investment would yield expected payoff for the current period
and a non-negative future continuation payoff (because a player can always guarantee himself
a payoff of 0 by never investing on his own).® However, having non-investment trigger players
not investing forever is not compatible with action efficiency, which requires the players to invest
eventually in the high state. Thus action efficient equilibria must somehow incentivize players to

revert back to investing.

3.1 Cool-off Strategies

We will focus on a particular class of strategies which we call cool-off strategies, in which play
involves two kinds of phases: cool-off phases and investment phases. In a cool-off phase, both players
accumulate private signals while playing action profile (N, N) for a certain period of time. After
the cool-off phase, they enter an investment phase in which each player chooses action I with
positive probability. In an investment phase, if the players’ play action profile (I,I) then they
remain in the investment phase, otherwise they restart a new cool-off phase.

Cool-off strategies are based on the notion of a cool-off scheme, which is defined as a partition
(C,Z) of the set of all action histories: the set of cool-off histories C and the set of investment

histories Z. This classification is carried out by means of a cool-off function T : N — IN which

%In the model of Angeletos et al. (2007), once sufficiently many players invest (or attack a status quo), they receive
payoffs and the game ends. Hence, the issue of “repeated” coordination studied here does not arise in their work.
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Figure 2: Cool-off Schemes

labels each action history a’ as being part of a cool-off phase or not. Formally, this is done as

follows.

Definition 1. A cool-off scheme (C,Z) induced by a cool-off function T : IN — IN is recursively defined

as follows:
1. The empty action history is in C.
2. For an action history a' such that t > 1:

(a) Suppose that a'' € I. Then, a' € T if a, = (I,I) and a' € C otherwise.

(b) Suppose that a'~! € C and that there exists a subhistory of a'~! in Z. Let a*~! be the longest
such subhistory. Then, a' €Cift <s+T(s)—1landa' €T ift>s+T(s)—1.

(c) Suppose that a'~! € C and that there does not exist a subhistory of a’~! in I. Then, a' € C if
t<T(1)anda' €T ift>T(1).

Each series of action histories in the sets C and I is called a cool-off phase and an investment phase

respectively.

Figure 2 depicts a cool-off scheme. Initially, players are in a cool-off phase for T(1) periods. At
period T(1)+1, they are in the investment phase. If both players choose to invest, then they stay
in the investment phase. If at some point during the investment phase, say at period s, at least one
player chooses to not invest, then another cool-off phase begins at this action history a* for T(s)
periods. Another investment phase starts at period s+ T (s).”

As is clear from Definition 1, the cool-off scheme (C,Z) induced by any cool-off function T
satisfies both CNZ = @ and CUT = J;»; A". Further, whether an action history 4’ is in a cool-off
phase or in an investment phase depends only on the cool-off function T but not on strategies.

7Players may never invest in an investment phase. For example, if action ar(1)+1 # (I, 1) then this investment phase
ends immediately, and a new cool-off phase starts at period T(1) + 2.



Definition 2. Fix a cool-off function T. We define the set S;(T) as the set of all player i’s pure strategies
s; € S; with the following properties:

1. During a cool-off phase player i chooses action N for any realization of their private signals. That
is, if a1 € C, then si(at’l,xf) = N for any xf e Xt

2. In any action history a’~! in which any player chose action I during a cool-off phase at some time

: : : t=1 by _
T <t, player i chooses action N, i.e., s;(a' ", x;) = N.

Let ¥;(T) be the set of mixed strategies whose support is contained in the set S;(T). Let X(T) = X1(T) x
X,(T) be the set of such mixed strategy profiles.

The following claim is immediate.
Claim 1. Fix a cool-off function T. Then, the set X;(T) is a closed and convex subset of the set ¥;.

As stated above, the investment phase corresponds to action histories in which players would
invest with positive probability. We have not required that this be the case in Definition 2. For
example, the trivial equilibrium, in which both players never invest, belongs to the class X;(T).
Ideally, we would like strategies in the set ¥(T) to be such that whenever the players are in an
investment phase, there is a large probability of investment. Hence, we focus on a smaller class of
strategies, which we introduce after the following definitions.

A private history (a'™!,x!) is said to be consistent with a pure strategy s; if for all 7 <t it holds

that si(aT_l,xiT) =a;. A private history (at_l,xf) is said to be consistent with a mixed strategy o;
if it is consistent with some pure strategy s; in the support of 0;. Here, by support we mean the
intersection of all closed subsets of S; which have probability one under o;; this is equivalent to
requiring that for each time f the restriction of s; to time periods 1 to t is chosen with positive
probability. Given a private history (a’~!,x!) that is consistent with o;, we can define the (in a

sense) conditional probability of taking action I, which we denote by o*i(at‘l,xf)(l), as

0;(s; is consistent with (a'~!,x!) and s;(a"1,x!) =)

0;(s; is consistent with (a'~1,x!))

Note that this is simply the probability of taking action I at a private history (a'"!,x!) under the
behavioral strategy that corresponds to o; (e.g., Osborne and Rubinstein, 1994). We say that an
action history a’~! is consistent with o; if (at‘l,xf) is consistent with o; for some xf that occurs
with positive probability. Since private signals are conditionally independent, we can define the

conditional probability of investing at a consistent a’~! in the state 6 = H as

t—1
Y 1| [ et atase)(eitetsa=an)|
oila =1
Y sHh| [ et tase)|
xleX! =1



1

This is well-defined because a'~! is consistent with o;. The important property that we will need,

is that for any strategy profile 0 = (0;,0j) in which a given action history a'~! is reached with

positive probability, it holds that

Py [ai =110 =H,a'™"| = o;(a"")(I | H). (1)
Hence, the conditional probability P, [ﬂit =1|0=H, at’l] is independent of ;. We show this
formally in Appendix A (see Claim 3).

Definition 3. Fix a cool-off function T and a constant € > 0. We define the set X;(T,e) C X;(T) as the

set of all player i’s cool-off strategies o; with the following properties:
1. 0; € ZZ(T)

2. In an investment phase, player i invests with probability at least 1 — ¢ conditional on the state
0 = H. That is, for any action history a'~' € T which is consistent with o;,

oi(@™HY(I|H)>1-¢. (2)

Let S(T,e) = X1(T, €) x Xo(T, €) be the set of the cool-off strategy profiles.

As we noted above in (1), the second condition is equivalent to
Polai=110=H,a'|>1-¢

The following claim is again straightforward to prove.

Claim 2. Fix a cool-off function T and a constant € > 0. Then, the set ¥;(T,¢) is a closed and convex
subset of the set ;.

3.2 Cool-off Equilibria as Fixed Points

We have introduced the key class of strategies. In what follows, we will find an equilibrium in
this class. To do this, we make an appropriate choice of T and ¢, and restrict the players to choose
strategies from ¥;(T, ¢). Since this set is closed and convex (Claim 2), we can appeal to a standard
fixed point argument to show the existence of an equilibrium. We next show that this equilibrium
in the restricted strategies is, in fact, still an equilibrium when the restriction is removed. Finally,
we show that in this equilibrium, players will eventually coordinate on the right action. Moreover,

when the players are very patient, the equilibrium achieves close to efficient payoffs.

Lemma 1 (Continuation Values). Let o; be any mixed strategy of player j. Fix an action history a1,
Then the continuation value of player i at the action history a'~! is a non-decreasing convex function of
his belief in the state 6 = H.

11



Lemma 2 (Threshold Rule). For each ¢, € (0,1), let Ty € IN be large enough and & > 0 small enough
that

6T <(1-6)(1-c—e). (3)

Let a cool-off function T be such that T(t) > Ty for all t > 2. Fix player j’s strategy oj € £;(T,¢) and an
action history a’~! € I. Then, for every best response of player i, there exists a threshold 1 such that at

action history a'~! player i invests (resp. does not invest) if her belief in the state 6 = H is above (resp.
below) the threshold 1.

Lemma 2 implies that for an appropriate choice of T and ¢, it holds in every equilibrium of the
game restricted to cool-off strategies S(T,¢) that both players play threshold strategies: in each
history each player has a threshold such that he invests above it and does not below it. Thus, when
a player observes another player investing, he updates upwards (in the sense of stochastic domi-
nance) his belief regarding the other player’s signal. This idea is formally stated in the following
corollary.

We shall denote by p;; the private belief of player i at period t before choosing action a;;. The
belief p;; is computed based on player i’s private history h;; = (at_l,xf). Hence, p;; = P[0 = H | hj;].
Finally, for convenience, we shall sometimes write the expectation operator E, and probability

function P, without the subscript o simply as E and P.

Corollary 1 (Monotonicity of Expected Beliefs). For each c,6 € (0,1), let Ty € IN be large enough and
€ > 0 small enough so as to satisfy condition (3) of Lemma 2. Let T be a cool-off function such that
T(t) > Ty for all t > 2. Then, in every equilibrium of the game restricted to S(T,¢) it holds that if a*~!
extends at~! with both players investing in periods t,t +1,...,5s — 1, then

E|pis|0=H,a"'| > E[p;; |6 = H,a'].

The next two propositions are the key ingredient in showing that an equilibrium in our re-

stricted game is also an equilibrium of the unrestricted game.

Proposition 1. For each c,6 € (0,1), take Ty € IN large enough and € > 0 small enough such that

C
(1-¢)—(1-c)oTo/(1-0)

<c(l+2e)<1-e. (4)

Let a cool-off function T be such that T(t) > Ty for all t € N. Fix player j’s strategy o; € X,(T, ¢) and an

action history a'~! € . Then, in every best response of player i, if
IE[p,-t |6 = H,at_I] >1-¢?,

then player i invests with probability at least 1 — € in the state © = H. Moreover, player i invests if his

private belief is above c(1 + 2¢).

12



Proof. Denote by p the supremum of the beliefs in which player i does not invest at the action
history a'~!. Given the belief p, the payoff from investing is at least (1 —)(—c + p(1 — €)), while the
payoff from not investing is at most p670(1—c). Thus, (1-6)(-c+p(1—¢)) < poT(1—c). Rearranging

the terms, we have

c
P - (1-ash/1-0)

which implies that p < ¢(1 + 2¢) by condition (4). Hence, player i invests if his private belief p;; is
above c(1 + 2¢).

It follows from Markov’s inequality that

< E[1-p;; |10 =H,a"]
< = )

P(pi <plO=H,a"")=P(1-p;>1-p|6=H,a"")

Since p < c(1+2¢) and E[p;; | 6 = H,a" 1] >1—¢2,

Ell-py|0=Ha"] _1-(1-¢
1-p 1—c(1+2¢)

<§g,

where the latter inequality follows from condition (4). Hence, P(p;; < p |0 = H,a'™!) < ¢. That is,
player i invests with probability at least 1 —¢. [ ]

Proposition 2. For each ¢,6 € (0,1), let Ty € IN and € > 0 be such that condition (3) in Lemma 2 is
satisfied. Then, there is a cool-off function T with T(t) > T, for all t > 2 such that, in every equilibrium
strategy profile o € S(T, €), it holds in every action history a'~! € T that for each i = 1,2,

Eo|pii|0=H,a"™|>1-¢

Proof. Fix Ty € N and ¢ > 0. Since private signals are bounded, for each s > 1, there exists p.> 0
such that foreachi=1,2,

IP[pis >Es] =1.

irrespective of the strategies of the players. For example, P, could be defined as the belief that a
player would have if he observed both players received the worst signal repeatedly up to period
s, where the worst signal is defined as the one which has the lowest likelihood ratio. Note that P,
only depends on the period s and not on the action history or the private history of any player.

We now construct the cool-off function T. For each s > 1, define T(s) > T, large enough to be
such that if a cool-off phase were to begin at period s and a player’s belief were P, then when the
cool-off phase ends at time period s+T(s)—1, the expectation of a player’s private belief conditional
on 6 = H would be above 1 — &2,

For this cool-off function T, from Corollary 1 it follows that for each equilibrium strategy

13



profile o € S(T, ¢) and action history a'~! € Z, we have that
IEU[pl-t |6 = H,at_l] >1-¢?,

which completes the proof. [

Now we prove the existence of equilibria in cool-off strategies—called cool-off equilibria. Ap-
plying a fixed-point theorem to the game restricted to cool-off strategies S(T, ¢), we find an equi-
librium ¢* € S(T,¢). We then show that this equilibrium remains an equilibrium of the unre-

stricted game, using Propositions 1 and 2.

Proposition 3. For each c,0 € (0,1), let Ty € IN be large enough and € > 0 small enough so as to satisfy
condition (3) in Lemma 2 and condition (4) in Proposition 1. Then, there exists a cool-off function T
with T(t) > Ty for all t > 2 and there exists an equilibrium o* € S(T, ¢).

Finally, we discuss the evolution of belief processes. We show that under any—even non-
equilibrium—strategy profile o, a player’s belief process is a submartingale (resp. supermartin-
gale) conditional on the state 6 = H (resp. 6 = L). Here is an intuition for this result. We consider
the case of the state O = H, as the case of the state 6 = L is analogous. Since player i observes
“high” signals x;;,; with high probability, her belief increases in expectation. She also observes
player j’s action aj; to learn about his signals. As player j’s signals are likely to be “high” in the
state @ = H, player i is likely to observe player j take an action that corresponds to his “high”

signals, so that player i’s belief should increase in expectation.

Proposition 4. Given any strategy profile o, player i’s belief process {p;;} is a submartingale (resp.

supermartingale) conditional on the state © = H (resp. © = L). That is,

Eo[pit+1 10 = H,pis] > pir > Eg[pits1 10 = L, piy].

From this proposition, it follows that both players individually learn a true state 6 in the long

run. This result is immediate from the Martingale Convergence Theorem.?

Corollary 2. Given any strategy profile o, both players individually learn a true state 6 almost surely:
H’g(tli_{?opit(a)) —1 Vi=1,2|0= H) _ H’U(}LTOpit(a)) —0 Vi=1,2]0= L) 1

3.3 Efficiency

Theorem 1 (Action Efficiency). For each c,6 € (0,1), there exist a cool-off function T, a constant € >0
such that for any equilibrium o € S(T,¢), players eventually choose the right actions. That is, the
equilibrium action profile converges to (I,1) in the state 6 = H and to (N,N) in the state © = L almost

surely.

8For completeness, a self-contained proof of this corollary is included in Appendix A.
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Proof. The underlying probability space for defining the events of interest will be the set of all
outcomes () = @ x A% x (X?)®, Let 0* € S(T, ¢) be any equilibrium. Define the events

AP ={weq: lim a,(w) = L0} Ay ={weQ: lim a,(w) = (N, N},

We wish to show that P(A7° |6 = H) = P(AY | 6 = L) = 1. Consider the latter equality. It would
suffice to show that there exists a p € (0,1) such that no player invests when his private belief is
below p. By Corollary 2, in the state O = L, players’ private beliefs almost surely converge to 0
and hence will eventually fall below p, leading both players to not invest from some point on. We
derive such a p. B

When a plgyer has belief p, the payoff from investing is at most (1 - 9)(p —¢) + o(p(1 —¢)) and

the payoff from not investing is at least 0. Hence, if a player finds it optimal to invest at p, then

S c—cd
p= 1-c¢o

Hence, we can define p = f:ﬁg. It now follows that IP(AY |6 = L) = 1.

We next show IP(Af_o |0 = H) = 1. Consider the event B® = {w € Q : lim;_,,, p;;(w) =1 for both i =
1,2}. From Corollary 2, we know that IP(B* | 8 = H) = 1. Hence, it suffices to show that B® C AP

Let w € B®. It suffices to show that on the outcome path induced by w, there must only be
finitely many cool-off phases. Suppose not. Then, there exist infinitely many cool-off phases in w.
Recall from Proposition 1 that a player invests with probability one in an investment phase when
his private belief is above f = ¢(1 + 2¢). Now, since w € B®, there exists a T such that p;;(w) > p
for all t > T for both i = 1,2. Now, let t’ be the starting period of the first cool-off phase after
T. Then, T(t')+t > T. Hence, when this cool-off period ends at time s = T(t') +t’ — 1, we enter
an investment phase. Since this investment phase at s + 1 starts beyond period T’, the private
beliefs of both players would be above p and both players would invest in time period s+ 1. Next
period, players would continue to be in the investment phase and again invest. Proceeding this
way, players would keep on investing which means the investment phase would last forever. This
contradicts the fact that there are infinitely many cool-off phases. Hence, there exist only finitely
many cool-off phases in w, which means that players invest forever after some point of time.

Hence, w € A7. ]

Theorem 2 (Payoff Efficiency). Fix any c € (0,1). For every A > 0, there exists 5 € (0,1) such that for
each & > 5, there exist a cool-off function T, a constant € > 0, such that in any equilibrium o* € S(T, ),
both players obtain a payoff of at least 1 —c— A in the state 0 = H and a payoff of at least —A in the state
O=L.

Proof. Fix c,A € (0,1). Let € > 0 be small enough so that ¢ < ¢(1 +2¢)(1 —¢) < (1 —¢)? and moreover

(1—8)2((1—126 )(1—c)+1%(—c) S1—c—A. (5)
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and
(1 —e)(%)—ec>—A. (6)

where we recall from Proposition 1 that p = ¢(1 + 2¢). In what follows, we will show that players
achieve a payoff equal to the LHS of (5) in the state 6 = H and a payoff equal to the LHS of (6)
in the state 6 = L. Let T; € IN be such that for any strategy profile which implements a cool-off
scheme T with T(1) = Ty, it holds that (i) E[p;z, | 6 = H] > 1 - e? for all i = 1,2, (ii) Plp;r, >
1 -eforeachi =1,2160 = H] > 1-¢, and (iii) P[p;7, < mforeachi =1,2|0=L]>1-c¢.
Now let & € (0,1) be such that 67t > 1 —¢. Let 6 > 6. Suppose that Ty is such that condition (3)
in Lemma 2 and condition (4) in Proposition 1 are satisfied for T, and ¢. From Proposition 3, it
follows that there exists a cool-off function with T(1) = T} and T(t) > T, for all ¢t > 2 and there
exists an equilibrium of the repeated game restricted to strategies in S(T,¢). Let o* be one such
equilibrium.

We shall show that in this equilibrium, each player obtains a long-run expected payoff of at
least 1 —c— A in the state 6 = H and —A in the state 6 = L. We first establish the former. Note that
we have 1 —¢ > ¢(1 + 2¢). Hence, if the private beliefs of both players are above 1 — ¢ at the end

of the first cool-off phase with length T;, and stay above 1 — ¢ forever, both players would invest
e

5

as follows. Suppose that private beliefs for players 1 and 2 are p;,p, > 1 — ¢ at time T;. Hence,

forever. We shall show that the probability with which this happens is at least 1 — We argue

from period T; onwards, the probability that both players invest forever is at least
H)[Pit >p foreachi=1,2and t > T |PiT1 =piPjT, = p],6 = H] (7)

Note that conditional on p;1, = p;,pj1, = p; and 6 = H, the belief process p;; is a bounded sub-

martingale. Now define the stopping time

Ti(w) = min{t | pjs(w) < p}.

Let p/, be the process p;; stopped at time T;. It follows that p;, is a bounded submartingale as well.
From the Martingale Convergence Theorem, it converges almost surely to a limit p; . Hence, the
conditional probability in (7) is at least

IP[p;’oo >pforeachi=1,2]| PiT, = PirPjT, = p]-,G = H]
From the Optional Stopping Theorem, we have that

IE[P;,OO |pit, = pi-pjT, =Pj 0 = H] > p;.
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Since 1 —p; _ is non-negative and p; > 1 — ¢, from Markov’s inequality it follows that for each i,
€
1-p

H’[Pf,oo <plpit, =pi-pjT, =pj0 = H] <

From the above we obtain that the probability that both players will invest from period T; onwards
is at least 1 - 1%. Hence, the long-run expected payoff to each player in state & = H will be at least
equal to the LHS of (5) which is greater than 1 —c - A.

Finally, we show that under ¢”, the payoff in the state L is at least —A. To see this, we first
make the following observation. Suppose at the end of the first T} cool-off periods, a player’s

private belief is p < Now from Lemma 1, we know that a player’s optimal continuation

A
20—0)+A"
value v(-) is a non-decreasing convex function of his private belief p. We show that if the optimal
continuation strategy of the player yields payoffs (vy,vy) at p, then v; > —%. Since (vy,vy) is the
optimal continuation value at p, it follows that the vector (vy,v;) supports the convex function

v(-) at p. Hence,

v(p) =pvy + (1 -p)vr.

Note that v(p) > 0 since a player can always guarantee himself a payoff of zero forever and vy <
1 — ¢ since the best payoff a player can get in state H is 1 —c. These, together with the fact that

p< m, imply v; > —%. Since IP[p;r, < ﬁ foreachi =1,2|60 = L] > 1 —¢, the ex-ante

201
payoff in the state L to each player is at least equal to the LHS of (6), which is greater than —A. =

4 Discussion

4.1 Ex-post Equilibria

Most work in repeated games of complete information assumes that the set of feasible and indi-
vidually rational payoffs is full-dimensional. That is, the dimension of the set equals the number
of players. Analogously, existing work in repeated games of incomplete information assumes
so-called statewise full-dimensionality (e.g., Wiseman, 2005, 2012; Yamamoto, 2014; Sugaya and
Yamamoto, 2020). However, our payoff structure does not satisfy statewise full-dimensionality. In
addition, Yamamoto (2014) and Sugaya and Yamamoto (2020) focus on a special class of sequen-
tial equilibria, called ex-post equilibria. Yet, we will see that any ex-post equilibrium is inefficient
in our model, and this inefficiency is due to the lack of the statewise full-dimensionality. We

discuss each of these two differences in turn.

Statewise Full-dimensionality. For each 0, we define the set of feasible set of payoffs by

W(6) :co({v eR?>:JacA VieN uia0) :vi}).
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Figure 3: the Lack of Statewise Full-dimensionality

Further, we define player i’s minimax payoff in state 6 by

w:(0) = min maxu;(a;, «a;, 0
w,(0) = min maxi(a,a;,0)

and the set of all feasible and individually rational payoffs in state 6 by
W*(0) = {w CW(O):VieN w > yi(G)}.

Statewise full-dimensionality is satisfied if the dimension of the set W*(6) equals the number
of players for every 0.° The statewise full-dimensionality is assumed in the existing studies of
repeated games of incomplete information, but not in our study. As in Figure 3, the set W*(H)
is of dimension 2, but the set W*(L) = {(0,0)} is not. Intuitively speaking, this lack of statewise
full-dimensionality means that players’ incentives, thus behavior, are quite different from state
to state. This could make it difficult to design an appropriate punishment scheme that supports
cooperation.

Note that statewise full-dimensionality is lost at a dominance region (i.e., at the state 6 = L).
The existence of dominance regions is a key assumption in the literature of equilibrium robustness

to (higher-order) belief perturbation, including the electronic mail game and global games.

Ex-post Equilibria. Two closely related papers to ours, Yamamoto (2014) and Sugaya and Ya-
mamoto (2020), focus on a special class of sequential equilibria, called ex-post equilibria. An ex-
post equilibrium is defined as a sequential equilibrium in the infinitely repeated game in which
the strategies are such that they would be optimal even if the state 6 were common knowledge. In

an ex-post equilibrium, player i’s continuation play after history h;; is optimal regardless of the

Without uncertainty of payoff-relevant states, the statewise full-dimensionality is equivalent to the full-
dimensionality in the literature of repeated games of complete information.
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state O for each h;; (including off-path histories).

No ex-post equilibrium, however, can approximate efficiency in our model. More precisely, in
every ex-post equilibrium, each player chooses not to invest at every private history. To see this,
note that in every ex-post equilibrium, a player’s strategy would be optimal if the state L were
common knowledge. Since in the state L, a player’s best response to any strategy of the opponent
is to not invest at any private history, the player never invests even in the state H. Thus, neither
player ever invests in any ex-post equilibrium.

Ex-post equilibria may yield trivial play if the payoff structure does not satisfy statewise full-
dimensionality. Further, they may not exist if a stage game is like a global game. To see this,
suppose, for example, that there is another state in which irrespective of the opponent’s action, a
player gains payoff 1 —c if he invests and payoff of 0 if he does not. Then, players always invest
if that state were common knowledge, but they would never invest if the state L were common

knowledge; therefore, there would not exist ex-post equilibria.

4.2 Common Learning

A coordination game which is very similar to ours is presented as one of the motivations for the
introduction of the concept of common learning by Cripps et al. (2008). We now explain this
concept, and show that, in our game, common learning is attained in every strategy profile.
Recall Q = © x A® x (X?)® is the set of all possible outcomes. Any strategy profile o = (07, 07)
induces a probability measure IP on () which is endowed with the o-algebra F generated by cylin-
der sets. For each F € F and g € (0,1), define the event B (F) = {w € Q : P(F | a*"},x!) > g}. Now,

define the following events:

1. B{(F) = B?t(F) N B?t(F). That is, this is the event that both players assign probability at least
g to the event F on the basis of their private information.

2. [BI)"(F) = B(B!(B...B](F))). That is, this is the event that both players assign probability at
least g that both players assign probability at least g that ... both players assign probability

at least g to the event F on the basis of their private information.
3. Cl(F) =Ny [B]"(F).

We say that players have common g-belief in the event F at w € Q, at time ¢, if w € C/(F). We say
that players commonly learn 6 € © if for all g € (0,1), there exists a T such that forall t > T,

u)[cf(e) | 9] > q.

Proposition 5. Let o be any strategy profile which induces the probability measure IP. Then, under IP,
players commonly learn the state O for each 6 € ©.

19



5 Conclusion

This paper has attempted to answer the question of whether rational Bayesian players in a coor-
dination game, each of whom is receiving private signals about the unknown state of nature, can
both learn to play the action appropriate to the true state and do so in a manner such that the loss
in payoffs becomes negligible as the discount factor goes to one. The answer, in a simple setup, is
affirmative, even though the particular coordination game we consider does not have properties
such as statewise full-dimensionality.

Future research can be considered along several dimensions. We comment here on some of
them. First, we believe our methods would extend to games with the same features as the stage
game in this paper, except the number of players would be an arbitrary finite number. We could
modify the cool-off strategies appropriately, so if any player plays action N in an investment phase
a new cool-off phase begins. Second, though we need some informative signals to be obtained by a
player who is playing action N it is not necessary that the signals be identically distributed to the
ones obtained by someone playing action I so long as the property of bounded likelihood ratios
is satisfied for these distributions. Our method will not give the same efficiency result if playing
action N leads to no information being obtained by the player. More generally, our techniques
should apply to a large class of similar games that involve state dependent repeated coordination
with private signals.

Our analysis assumes that action profile (N,N) is a stage-game Nash equilibrium in both
states. If the state is high, there is an opportunity cost of playing this equilibrium rather than
the efficient one. If this were not a stage-game Nash equilibrium, we would need a construction to
ensure the sequential rationality of players playing a particular action profile in a cool-off phase,
which might be problematic in the absence of statewise full dimensionality to bring punishment
into play.

Finally, another interesting follow-up to this work would be to see if a similar set of results can
be obtained for boundedly rational players who do not use full Bayesian updating but are con-

strained by memory restrictions. We have no conjectures about possible results for this problem.

A Appendix

A.1 Strategies

Claim 3. (Equivalence of conditions) Let o; € S(T,¢) and let oj be any strategy of player j. Now,

suppose a'~! is reached with positive probability under o = (o;, 0j). Then,

Py |ai =110 =H,a'™"| = o;(a"")(I | H). (8)
Hence, the conditional probability P, [ait =1|0= H,at’l] is independent of o;.

1

Proof. Firstly note that since a’~! is reached with positive probability under o, it is the case that
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a'~! is consistent with o;. Hence, the conditional probability in (8) is well-defined. Note that:

U[a,-t =1,0= H,at’l]
P, [0 = H,a"1]

P
Py |a; =116 =H,a""|=

The numerator is equal to

t—1 t—1

> 2 | [ ot am s oiteda )| [ [ Tostepaaso)
=1

xjeX' xjeX! =1
=[S I_[ s oo a )| 5 oy, )|
X; text Xj text T=1

The equality follows from the fact that signals are conditionally independent across players which
means that the probability that players receive signals (x!, x]) is equal to fH fH ). By the same
token, the denominator is equal to

S Y e[ ot ][ Jortega s

xfeX’x‘EXf T=1 =1
t—1
H H -1
=| L s oeta ]| 3 5 ]_[ 0 ajo)|
xieXt =1 x| text

Now, notice that since the denominator is strictly positive, it follows that the term

DI I_[ x%,a" ") (ajo)

xeX’

in the denominator is also strictly positive. This terms also cancels out from the numerator and

the denominator and we obtain

t—1

Y 1| [ Tortatam aso)oitada )|

_ xleX! =1
Py [a; =116 =H,a'""]= —
Z fH [ oi(x azr)]
xjeXt =1
Hence, P, [a,-t =1|6= H,at‘l] =o;(a"Y)(I | H). ]
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A.2 Two Lemmas

The following lemmas shall be useful in our analysis. The first lemma states that beliefs in an

event—which are a martingale—form a submartingale when conditioned on the same event.

Lemma 3. Let Fy C F, be sigma-algebras in a finite probability space, let p = P[E | F;]| # 0 be the prior
probability of an event E, and let q = P[E | J,] be its posterior probability. Then,

E[q|E,p]= Blg1pl,

Elglp] -

where the inequality holds with equality if and only if P(q = p | p) = 0.

Proof. Since the space is finite, we can write

_ _ _ _ . Plg=x]p]
Elq|Ep)= ) x-Pla=x|Epl= ) x-PlElq=xpl—prri=
x€[0,1] x€[0,1]

where we use Bayes’ rule. Note that IP[E | p] = p and that since /; C F,, IP[E | q = x,p] = x. Hence,
the RHS is equal to

p p

y 2. Pla=xIp] _Elq’|p]

x€[0,1]

Again since F; C 5, p = [E[q| p], and thus we have shown that

2
Elq|E,p] = T B ©

Since E[(q - p)? | p] = 0 and since E[q | p] = p, we have (9) > 0. Finally, (9) = 0 if and only if
E[(¢-p)*Ip]=0,ie,P(g=p|p) =0. n

The next lemma states that if a random variable taking values in the unit interval has a mean

close to one, then it must assume values close to one with high probability.

Lemma 4. Let X be a random variable which takes values in [0,1]. Suppose E[X] > 1 — &2 where
€(0,1). Then,

P[X>1-¢]>1-¢.

Proof. Define the random variable Y = 1 —X. It suffices to show that IP[Y > ¢] < ¢. Since [E[Y] < ¢

and since Y is non-negative, by Markov’s inequality, we obtain it. [

A.3 Proofs

Proof of Claim 1. The conclusion follows by definition. If {0}'},, C X;(T) and 0;" — o} in the weak-

* topology. Since the support of each ¢/ is contained in S;(T), so is the support of ¢;. It also follows
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that any convex combination (7{\ = Aoj+(1-A7A)o/ of two mixed strategies 0;,0; € ¥;(T) also belongs
to X;(T). |

Proof of Claim 2. We first argue that X;(T, ¢) is closed. Suppose {0/'} C ¥;(T, ¢) and suppose o' —
o/ in the weak-* topology. Firstly, note that from Claim 1, it follows that o; € ¥;(T). Now suppose
a’~! in an investment phase is consistent with o;. Then, the denominator of o;(at‘l)(l | H), as
defined, will be strictly positive. This means that for large n, the denominator of Gi”(at_l)(l | H)
will be strictly positive also. This means that a’~! is consistent with ¢/ for large n. It follows from
the definition that o]"(a"')(I | H) = o;(a'~')(I | H) which implies that o} (' ')(I | H) > 1 —¢.

We now show convexity. Let 0,0/ € X;(T,¢) be two mixed strategies, and let A € (0,1). Now,
consider the mixed strategy defined as ai’\ = Ao;j + (1 - A)o/. Then, we show ai’\ € Xi(T,¢).

Clearly O‘i’\ € X;(T) since £;(T) is convex from Claim 1. Let d; be the strategy of player j
that plays each action with probability 1/2 at each private history. Denote as IP*, IP and IP’, the
probability measures induced by the strategy profiles (0'{\, 0;),(03,0;) and (0/,0;). Note that P} =
AP+ (1-A)P.

We wish to show that O‘i/\ also satisfies condition (2). To this end, let a'~! be an action history
in an investment phase that is consistent with cri’\. It follows that a'~! is reached with positive

probability under (71.’\. Then, from equation (8), it suffices to show that
Pag=110=H,a""|21-e.

Now, note by hypothesis, since 0;,0/ € X;(T,¢), we already have that IP[ait =1,0= H,atfl] >(1-
E)IP[G = H,at_l] and P’/ [ait =1,0 = H,at_l] >(1- S)H”[G = H,at_l]. These together imply that

AP [ait =1,0= H,af-l] +(1- /\)IP’[ait 1,0 = H,af—l]
AP[6 = H,a'" 1]+ (1- \)P'[0 = H,a'" 1]

21_81

which is equivalent to

PA{a;; =1,0 = H,a'"]

>1-e.
P[0 =H,a] ‘

Py =110=H,a'""]=

Proof of Lemma 1. Denote by p player i’s belief at the action history a'~!. For each possible con-
tinuation strategy s of player i (which we think of as depending only on his future signals) let
vy and vy denote the expected payoff in the high and low state, respectively, so that the expected
payoff for the continuation strategy s is given by pvy + (1 — p)vr. In any best response of player i,

his expected payoff is given by

v(p) = max{pvys + (1 - p)ui),
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Figure 4: the continuation value v(p)

where the maximization is over all continuation strategies for player i. Since it is the maximum of
convex functions, it is convex. To see that it is increasing, note that continuation value v; < 0 for
every continuation strategy s and that v; = vy = 0 for some continuation strategy s—specifically
in the strategy in which the player never invests. Hence the derivative of continuation payoff v(p)
is at least 0 at p = 0, and thus continuation payoff v(p), as a function of belief p, has a non-negative

subderivative in the entire interval [0, 1]. [

Proof of Lemma 2. Denote by p player i’s belief at the action history a’~1. Let s} be the strategy in
which player i invests at a’~! and then never again. The conditional payoffs for this strategy are

vy > (1-0)(1-c—¢), v;=—-(1-9)c.

where the former holds true because the opponent invests with probability at least 1 — ¢ in the
state 0 = H.
Let sy be any strategy in which player i does not invest at a*~!. Then, because of the cool-off

scheme, the payoffs for this strategy are

v <(1-c)5h. (10)
Let s; be any strategy in which player i invests at a’!. Then

vl <—(1-9)c. (11)

Assume by contradiction that it is optimal to choose the strategy s; at belief p; and to choose
the strategy sy at belief pyy > p;. Recall that the continuation payoff v(p), defined in the proof of
Lemma 1, is supported by the line pvi + (1 — p)vl; at the belief p; and by pv) + (1 —p)vl at py.

24



Since it is non-decreasing and convex (Lemma 1), it follows that v{q < vg. Inequality (10) implies
that vl, < 6T0. By condition (3), we have that v}; < v};. By inequality (11) we have that v < v}, and
thus the continuation strategy s; strictly dominates s; for any belief p # 0. Hence, the continuation
strategy s; cannot be optimal in such a belief. Moreover, it cannot be optimal at the belief p = 0

either, since it is better to not invest. We have thus reached a contradiction. [ ]

Proof of Corollary 1. It suffices to establish the corollary in the case where s = t + 1. That is,
a*! =at = (a"~',(I,1)). Now, we have,

IE[pitH |6 = Hxat_l;ait = I:”jt = I] 2 IE[PiHl |6 = H:at_lx“jt = I]
> E[pis1 10 =H,a""'],

where the first inequality follows from the fact that player i uses a threshold rule at a*~! (Lemma
2), hence conditioning on a;; = I increases the expectation of players i’s private belief. The second
inequality follows since player j uses a threshold rule, hence conditional on aj; = I, player i learns
that player j’s belief is above a threshold and hence, his beliefs move upwards. Now, by the tower

property of expectations,
IE[pif“ 0= H’aH] - IE[IE[PitH |6 =H, aH,Pit] |6 =H, at_l].

From Lemma 3, and since p;; = P[0 = H | at‘l,xf], it follows that E[p;;.1 | 6 = H,a'!,p;;] > pis

almost surely, and so
IE[PitH |6 = H,at_l] > IE[Pz‘t |6 = H,at_l].

Proof of Proposition 3. The strategy space ¥; is compact. By Claim 2, the set X,(T,¢) is closed,
thus compact, and convex. Payoffs are continuous, which follows from the fact that they are
discounted exponentially and that the topology on X; is the weak-* topology. Hence, by Glicks-
berg’s Theorem, the game in which the players are restricted to S(T,¢) has a Nash equilibrium
o* = (o], o*]-*) € S(T,¢). It follows from Propositions 1 and 2 that this fixed point is, in fact, a Nash
equilibrium of the unrestricted game, since any best response to any strategy in ¥;(T, ¢) would be
in X;(T,¢). [

Proof of Proposition 4. Note that P(p;;,1 # pi; | pit) # 0. From Lemma 3, it follows that [E[p;;,1 |
6 = H,p;;] > pi;- The case of the state 6 = L is analogous. [ |

Proof of Corollary 2. Define probability measures P/ := P(- | @ = H) and IPL := IP(-| 6 = H) on
the paths of play, in the states H and L respectively, under the given strategy. Also, define the
probability measure Q = pyP™ + (1 — po)IPL, where py is the prior. Note that both P and Pt
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are absolutely continuous with respect to Q. Now, let F;; be the filtration generated by player i’s

private information (x!,a’"!). From Blackwell-Dubins Merging Theorem, it follows that
Q- | Ft) PP (- | Fip)llry — 0, as. P

Now, define the event

l{r <t:xir =x}
t

E:{wtetlim :fH(x)forallxeX}.

Since private signals are i.i.d., by the strong law of large numbers, in the states 6 = H,L, we have
PH(E | ;) =1 and IPL(E | ;) = 0. Further, note that
|Q(E | Fit) - PP(E | Fiy)l = 1 = piy.

By the definition of the total variational distance, we obtain that ||Q(- | ;) ~PH(- | H)llrv = 1-pjs.
Hence p;; — 1 almost surely in the state 6 = H. The argument is the same for both states and

players. [

Proof of Proposition 5. We prove the claim in the case of the state & = H. The proof for the case

of the state 6 = L is analogous. We proceed in two steps.

Step 1: Fix a strategy profile o, and suppose that there exists an on-path action history a'~! €
A1 such that

E[p;; |0 =H,a1]>1-¢?
for each i = 1,2. From Lemma 4, it follows that
Plp;>1-¢e|0=H,a"'|>1-¢. (12)
We will show that
Pl (H) 0= H,a] > (1-0). (13)

Note that beliefs p;; and p,; are independent conditional on the state & = H and action history

a'~!, since private signals are conditionally independent. Now, consider the event
F, = {a) €eQ:a Nw)=a"", pi(w)>1—-¢foreachi= 1,2}.

Note that from inequality (12), we have IP[F, | @ = H,a'"!] > (1 — ¢)%. Hence, it suffices to show

Y
that F; C Cil ¢) (H). By the result of Monderer and Samet (1989), it suffices to show that the

_e)2 _ )2
event F,; is (1 — ¢)?-evident (i.e., F, C Bgl 9 (F;)) and that F; C Bil 9 (H). The latter follows since

Y
F; C B}_S(H) - B(t1 Z (H). Thus, we show the former. At any w € F;, in period ¢ player i’s belief
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about the event F; is
1

P[F, |2, %] 2 pi(@)P[F, | 6 = H,a' ™ x!] > (1- €)%

_¢e)2 )2
This implies that w € B(t1 £) (F;). Thatis, F, C Bil ¢) (F;). Hence, inequality (13) follows. Moreover,
_e)? Ce2(]_e?
since Cil ‘) (H)C Cil e )(H), we have

21,2

Step 2: Fix any ¢ € (0,1). By Corollary 2, there exists some T € IN such that for each i = 1,2 and
t>T,

2\’
lE[pltlezH]Z 1—(7) .
By the tower property of conditional expectations,
E[pi; |0 =H] = IE[IE[pit |6 = H,at‘l] |0 = H]

From Lemma 4, we have that for eachi=1,2,

&2
ok

IP[IE[pitIQ:H,at1]>1—§|9:H]21—
Then,
IP[IE[pit | 6 :H,at_l] >1-¢?foreachi=1,2 | 6 ZH] >1-¢2
Hence, for each t > T,
plc! M ) |6 = H] 2 (1- (1),

which establishes the desired result. [

B Sequential Equilibrium

A behavioral strategy for player i is defined as a map from private histories to probabilities over
actions i.e., 0; : |, X! x A”™ — A({I,N}). For a given strategy profile o = (0i,0), we define contin-
uation values as Vie(o | h;) for each h; = (at’l,xf,x]t.) = (hit, hj). This value represents the long-run
expected payoff player i would obtain at history h;, if players play according to the strategies o
and the state is 6. At period ¢, depending on the private history, player i has beliefs about the
state of nature and private signals of his opponent (6,x') € © x X'. Player i’s belief function is

given by y; : |, Hiy = A(© x X'). An assessment is a pair (o, u) consisting of a behavioural strategy
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profile o = (0;); and belief functions for each player u = (y;);. We use sequential equilibrium as

our solution concept, which we define in the current setting as follows:
Definition 4. An assessment (0, u*) is a sequential equilibrium if:

1. (Sequential Rationality) The strategy profile o is sequentially rational for each player given
beliefs y*. This means, for each hj; = (at‘l,xf) € Hj;and 0, €%,

Z y’{(hit)(e,x;)\/ie(a* | at_l,xf,x]t-) > Z ptf(hit)(a,x]t-)vie(oi,aji a1, x]t) (14)

(Q,x]t-) (Q,x]t-)

2. (Consistency) There exists a sequence of profiles of completely mixed strategies (that assigns posi-

tive probability to all actions at all private histories) {c"},>1 such that the belief functions {u"},>1
uniquely induced by them satisfy

lim (' (hie), 07 (hir)) = (i (hit), 07 (i) (15)

n—-o0
for all h;; € H;;, and convergence is with respect to the product topology on A(© x X') x A;.

The definition of sequential equilibrium is borrowed from Kreps and Wilson (1982) and is
adapted to our setting. While their definition corresponds to finite extensive-form games, the
extension to the current setting is justified since there are only countably many information sets
for each player and moreover, each information set is finite.

The following lemma reduces the problem of finding a sequential equilibrium to that of find-

ing a Nash equilibrium.

Lemma 5. For every mixed strategy Nash equilibrium o™ in our game there exists an outcome equivalent

sequential equilibrium (o™, u*).

Proof. '° Let 0* be a mixed-strategy Nash equilibrium. From Kuhn’s theorem, there exists an
outcome equivalent behavioral strategy profile g*. It follows that * is also a Nash equilibrium.
t

Player i’s private history h;; = (a’"!,x!) is on-path if there are private signals x}tfl such that

Bi(a*~!,x}) assigns positive probability to 4;; and ﬂ;(as‘l,x;) assigns positive probability to aj, for
eachs=1,2,...,t—1. We classify the set of his off-path histories into two. First, player i’s (off-path)
history h;; follows his own unobservable deviation if g;(a*"!,x{) assigns probability zero to a;, for
some s =1,2,...,t—1 but there are private signals (ff_l,x]t._l) such that ﬁ;(as,’l,ff.,) assigns positive
probability to a;; and ﬂ;(as"l,x;') assigns positive probability to a;y for each s’ =1,2,...,f - 1.
Second, player i’s (off-path) history h;; follows either player’s observable deviation if there are
some s =1,2,...,t — 1 and some player k’s action ai, to which g;(a°"!,x}) assigns probability zero
for all x; € X5.1!

108imilar arguments to some parts of this proof are in Sekiguchi (1997).
I Eor example, players using cool-off strategies are supposed to choose action N in a cool-off phase, irrespective of
private signals. Hence, choosing action I in a cool-off phase is an observable deviation.
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Now we define another behavioral strategy profile o™. Let 0;"(h;;) = 7 (h;;) for any on-path h;;,
while let 0;"(h;;) = N for any off-path h;, that follows either player’s observable deviation. Then, it
suffices to consider an off-path h;; that follows player i’s own unobservable deviation. Given such
a h;;, consider player i’s belief about player j’s continuation strategy, derived from ﬂ]*.. There exists
an optimal continuation strategy for player i at hj;, since the set of his continuation strategies are
compact and the payoff function is continuous with respect to the product topology. Choose such
a continuation strategy, and let o;"(h;;) be the (mixed) action specified under that continuation
strategy at h;;. By construction, o;" is a best response to ﬂ}f.

Now we construct the belief system p*. The beliefs at any on-path histories or off-path history
that follows an unobservable deviation are uniquely determined by Bayes’ rule, while the beliefs
at any off-path history that follows an observable deviation are set as follows. When a player
makes an observable deviation by taking an action that is not supported by any realization of
her private signals, players update their beliefs as if they observed the other action. Note that
0™ =(0;",0;") is sequentially rational given .

To see that y* satisfies consistency, for each i = 1,2 and n > 1, define the behavioral strategy o/’

as follows:

Note that 0/ chooses each action at each private history with positive probability. In particular, "
differs from o™ in that whenever under o™ player i chooses an action with probability one, under

. . . . . 1 . ok
o" player i chooses that same action instead with probability 1- . So we can see lim,,_,, 0;' = 0;".
(Note that this change does not depend on the player’s private history. Hence, when an observable
deviation occurs under o, the beliefs of the players are unchanged by assumption and are close

to the beliefs generated by o” as n tends to infinity.) [ ]
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