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Abstract

A principal wishes to persuade multiple agents to take a particular action profile. Each agent
cares about both a payoff-relevant state and other agents’ actions. The principal discloses
information about the state to control the agents’ behavior by using their strategic uncertainty.
We show that for any non-degenerate prior, the principal can persuade the agents to take an
action profile as a unique rationalizable outcome if that action profile satisfies a generalization
of risk dominance. Moreover, this result remains true even if each of the agents is allowed to
strategically choose whether to receive information from the principal or not.
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1 Introduction

Bayesian persuasion offers insight into how to persuade a single agent (Kamenica and Gentzkow,
2011). The key idea is that a principal can induce any distribution of the agent’s posterior beliefs
that satisfies the martingale property. Recent studies have analyzed how to persuade multiple
agents (e.g., Bergemann and Morris, 2016a,b, 2019; Inostroza and Pavan, 2020; Li et al., 2020;
Morris et al., 2020; Mathevet et al., 2020; Taneva, 2019).

Multi-agent persuasion has two features that are absent from single-agent persuasion, both of
which arise from strategic interaction between agents. The first is that the principal controls not
only the agents’ first-order beliefs but also their higher-order beliefs. The second is that there may
be multiple rationalizable strategies for the agents, given the information disclosed by the principal.
The multiplicity of rationalizable strategies makes it difficult for the principal to predict the agents’
actions and to evaluate the value of the disclosed information.

We take a “worst-case” approach: We assume that if there are multiple rationalizable strategies

“worst” ratio-

given disclosed information, the principal anticipates that the agents will take the
nalizable strategy profile, which minimizes the principal’s payoff. This approach is motivated as

follows: The principal may be unable to coordinate the agents’ behavior on the principal’s most
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preferred equilibrium, while this uncertainty about the agents’ behavior could motivate the princi-

pal to be cautious and to choose an information disclosure policy under the worst-case scenario.!

This approach is becoming standard (e.g., Inostroza and Pavan, 2020; Li et al., 2020; Morris et al.,
2020); however, since the usual revelation principle argument does not apply, we may rely on the

structure of an underlying basic game to solve for an optimal information structure.

Main Results How much can the principal manipulate agents in multi-agent persuasion? In an

N-agent game, given any p = (p1,pa,-..,pn) € (0,1]Y, action profile a® = (a?,a3,...,a%) is a

p-dominant equilibrium if each agent i strictly prefers action a) when the other agents —i take

actions a’; with probability at least p; (e.g., Morris et al., 1995). In this study, we assume that

(2

the agents play the following class of games (Assumption 1): (i) Action profile a° is a p-dominant

equilibrium with 3°, p; < 1 in all states. (ii) Action aY is strictly dominant for each agent i in some
0
i

uncertain how the other agents —¢ behave.

state. Action a; can be interpreted as a “safe” option that agent ¢ may want to take when he is

This class of games has applications that are interesting and economically relevant. An example
is a game of political revolution in which each agent chooses whether to attack a regime or not
(Section 2). The regime is toppled only if more agents attack than its strength, and the strength
is modeled as a state of nature. An agent will be punished if he attacks the regime but it survives.
In this game, not attacking is the “safe” option for an agent and is optimal when he is uncertain
what the other agents will do or when the regime is strong.? Other applications include bank runs
and (joint) investment games, which we will detail later.

We show that for any non-degenerate prior, the principal can persuade the agents to take action
profile a’ as a unique rationalizable outcome of a (suitably designed) Bayesian game (Theorem 1).
The optimal persuasion perturbs both the agents’ first- and higher-order beliefs. This is reminiscent
of information robustness (e.g., Rubinstein, 1989; Kajii and Morris, 1997). Our study observes
the tight connection between multi-agent persuasion (with adversarial selection) and information
robustness. We do not only translate information robustness into multi-agent persuasion, but also
combine the ideas from the two fields. The principal obfuscates the agents’ first-order beliefs about
a state in the persuasion fashion, and perturbs their higher-order beliefs in the robustness fashion.
The beliefs of different orders are defined consistently under the p-dominance condition.

Are the agents willing to receive information from the principal? In the context of information
robustness, an information structure is exogenous; therefore, we need not consider agents’ incentive
to learn information. In the context of persuasion, however, an information structure is designed
by a principal, and is thus endogenous. It is then unclear why the agents are willing to learn the

information. To be more specific, consider a situation in which if they receive no information from

If the principal could choose which rationalizable action profile the agents would play, she would be able to
disclose full information about a state and then recommend to each agent the most preferable strategy. This is
uninteresting and unrealistic.

In this example, not attacking is strictly dominant at a strong state, but attacking is not at any state. This
assumption is often made in political regime change (e.g., Shadmehr and Bernhardt, 2011).



the principal, they can take an action profile that all of them prefer to action profile a®.> That
is, the principal’s information makes them worse-off. We show that even if each agent is allowed
to strategically choose whether to receive information or not, the principal can still induce action
profile a” as a unique rationalizable outcome (Theorem 2).

Additionally, we examine some assumptions for our results. First, we study what makes The-
orem 1 different from existing results (e.g., concavification). The key is the cardinality of a signal
space. Existing studies often assume finite signal spaces. In multi-agent persuasion, an infinite
signal space is important for a principal to control agents’ higher-order beliefs even if the underly-
ing state space is finite. Specifically, we show that if a signal space is finite, the principal cannot
always persuade the agents to take action profile a® (Proposition 1 and Theorem 3); moreover, this
result holds true for general games that may not satisfy Assumption 1. Second, we show that the
condition } ;. p; < 1 of Assumption 1 is a tight condition for Theorem 1. Using a simple example,
we show that if 3", p; > 1, a principal cannot always induce agents into action profile a’, regardless

of an information structure with a finite or infinite signal space (Proposition 2).

Related Literature This study is related to two strands of the literature: information robustness
and multi-agent persuasion. We outlined the relationship to information robustness above, and
presently discuss the relationship to multi-agent persuasion. Mathevet et al. (2020) characterize
a principal’s optimal payoff, assuming that a signal space is arbitrarily large but finite. This
assumption implies that, for any finite k, the principal can control the agents’ beliefs up to the
k-th order. This does not restrict the principal’s ability to manipulate the agents if their behavior
depends only on their finite order beliefs.? In contrast, we are interested in the case in which
agents’ behavior may depend on their infinite order beliefs. Then, a principal can persuade, with
probability 1, agents to take a particular action profile a’ if a signal space is infinite (Theorem
1); however, this result does not hold if the signal space is finite (Theorem 3). These contrasting
results highlight the implications of the finiteness assumption of the signal space.

Our study complements the literature that has paid particular attention to persuasion in binary-
action coordination games. Inostroza and Pavan (2020) consider persuasion in a continuum-agent
global game, and show that an optimal information structure satisfies the perfect coordination
property that all agents take the same action. Li et al. (2020) study persuasion in a continuum-
agent coordination game, and characterize an optimal information structure. Morris et al. (2020)
consider persuasion in a finite-agent supermodular game. They characterize adversarial-equilibrium
implementable outcomes and provide sufficient conditions for the perfect coordination property. In
contrast, we neither focus on coordination or supermodular games nor assume binary actions.
It is true that the p-dominance condition has a similar flavor to that of the coordination game

structure, and that the class of games that satisfy the p-dominance condition includes the binary-

3We provide such an example in Section 2.

4An example in Mathevet et al. (2020, Section 5) is a two-state, two-agent, two-action coordination game, in which
each action is strictly dominant in one state. In this case, an agent who is certain about a state does not care about
the other agent’s action or belief.



action games of regime change, as discussed above.? However, this class of games is not restricted
to these games. Our study, as well as Morris et al. (2020), highlights the tight connection between
the multi-agent persuasion and information robustness in Kajii and Morris (1997). The existing
persuasion studies focus on the endogeneity due to a principal’s design of information. In addition,
we investigate another potential source of endogeneity, by asking whether agents are willing to
receive manipulative information from the principal. For this potential concern, we show that the

agent-related endogeneity does not restrict the principal’s influence.

Layout The remainder of this paper is organized as follows. Section 2 provides a simple example
to illustrate our results. Section 3 builds a model, and Section 4 presents the main results. Section

5 discusses the tightness of key assumptions, followed by Section 6, which concludes.

2 Example

Using a simple example, we illustrate our results and discuss the tight connection between multi-

agent persuasion (with adversarial selection) and information robustness.

Set-up There are two agents, denoted i € I = {1,2}. Each agent i chooses action a; € A; =
{0,1}, where action 1 is interpreted as “attack” a regime and action 0 as “not attack.” There are
two states, denoted 6 € © = {0, 1}, where state 1 is interpreted as a “weak” regime and state 0 as
a “strong” one. There is a common prior u € A(0); let uf be the prior probability of a state 6.
Agent ’s payoff u; : A] x A3 x ©® — R is represented by the following tables:

0=0 a2:0 a2:1 0=1 a2:0 a2:1
a; =0 0,0 0,-2 a1 =0 0,0 0,-2
a; =1 -2,0 —2,-2 a; =1 —2,0 1,1

Table 1: the agents’ payoffs

In the state-1 complete-information game, there are two pure-strategy equilibria, a' = (1,1) and
a® = (0,0), where the former is Pareto dominant. In the state-0 complete-information game, there

0 as action 0 is strictly dominant.

is a unique equilibrium a

The regime (a principal) aims to forestall a coordinated attack a'. Its (state-independent) payoff
is modeled by the function v : A; x Ay — R such that v(aj,a2) = 1 —ajay. It receives payoff 0 if the
agents launch the coordinated attack a' and payoff 1 otherwise. It designs an information structure
(S,m). That is, it chooses signal spaces S1, S2 for the agents, and a distribution 7 (- | #) € A(S) for

each state 6, where we write S = 51 x So.

5 Another assumption of ours is that action a?, which the principal wants agent i to take, is strictly dominant at
some state. This assumption is maintained in the said studies.
5See also Bergemann and Morris (2019).
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Figure 1: the regime’s maximum worst-case payoffs

Assume that the regime maximizes the worst-case payoff: If the agents have multiple rational-
izable strategies given disclosed information, the regime anticipates that they will take the “worst”
rationalizable strategy profile, which minimizes the regime’s payoff. We study the regime’s worst-
case payoffs under different information structures. Figure 1 illustrates its maximum worst-case

payoffs as a function of the prior 4! in cases that are discussed below.

Benchmark Suppose that the regime sends no informative signals. If we assume that the agents

. . Teleos s o : 1 2
do not play weakly dominated strategies then the set of (pure-strategy) equilibria is {a"} if p* < 3
and {a',a’} if p! > % Hence, the worst-case payoff is 1 if u! < % and 0 if p! > %

Binary Signals Suppose that the regime sends binary signals. The signal space for each agent
has two elements: |S;| = |S2| = 2. We assume that the agents do not play weakly dominated
strategies. There are two cases to consider. First, we consider the case of public signals: The two
agents receive the same signal realization. This case is equivalent to single-agent persuasion and
thus the regime’s expected payoff is characterized by concavification.” Second, we consider the case
of private signals: The two agents may receive different signal realizations. In this example, it is
straightforward to find an optimal information structure, where the regime sends different signals

with non-zero probabilities (Appendix B).

Arbitrary Signals Suppose that the regime sends arbitrary signals. Then, it can induce action
profile a®, given any prior ! # 1 (Theorem 1). That is, its maximum payoff is independent of
a prior u (except for the degenerate prior putting probability 1 on state 1). Unlike in the above
cases, we need not assume that the agents do not play weakly dominated strategies.

Here is an optimal information structure. Since the regime achieves payoff 1 with no signal for
any prior pu! < [0, 2], we focus on a prior ! € (3,1). Let S; = S = {0,1,...} denote signal spaces.
To define a signal distribution, let Py(s1, s2) denote the probability of a signal profile (s1, s2) being

"The concavification needs the assumption that the agents do not play weakly dominated strategies.



realized conditional on state §. We define the following distributions: At state 6 = 0, Py(0,0) = 1.
At state @ = 1, P;(1,0) = P1(0,1) = v and Pi(k,k — 1) = Pi(k — 1,k) = p*~2v for each k > 2,
where v = l’j—? €(0,1) and p = 1=3¥

We will now show that this information structure induces each agent to take action 0. First,

< 1. The probabilities for any other signal profiles are zero.

suppose that agent 1 receives signal s; = 0. He assigns to state § = 0 probability P(6 = 0 |
0

s1 =0) = wiﬁ = %, which makes action 0 strictly dominant. Second, suppose that agent
1 receives signal s; = 1. He knows state § = 1 but does not know what agent 2 knows. He
P1(1,0)

assigns probability P(so = 0 | 51 = 1) = PO A — 1 to agent 2 receiving signal sy = 0
(and taking action 0). Thus, agent 1 takes action 0. Third, suppose that agent 1 receives signal

s1 = k > 2. He knows state # = 1 but does not know what agent 2 knows. He assigns probability
Py (kk—1 k—2 . .
P(so =k—1|s1=k) = Pl(k,k—ll()+P1(3c,k+1) = pk,§V+p’;,1V > % to agent 2 receiving signal so = k—1

(and taking action 0). Thus, agent 1 takes action 0. Consequently, agent 1 takes action 0, regardless

of his signal. The same holds true for agent 2.

This logic may be reminiscent of information robustness (e.g., Rubinstein, 1989; Kajii and
Morris, 1997). In this study, we will discuss the tight connection between multi-agent persuasion
(with adversarial selection) and information robustness, applying this kind of logic to multi-agent
persuasion. Note that multi-agent persuasion entails high-order uncertainty. In our example, since
the agents care about each other’s behavior as well as the state, the regime may be able to leverage
strategic uncertainty among the agents. It obfuscates the agents’ (first-order) beliefs about a state
in the persuasion fashion and perturbs their higher-order beliefs in the robustness fashion. This
can be implemented if the regime sends private information to each agent. For example, online
communication has made such private communication possible (Arieli and Babichenko, 2019).

There are two more questions that we will investigate. The first question is: Are the agents
willing to receive the regime’s signals, even though the signals make the agents worse-off? As
seen above, if they receive the signals then they are induced to take action profile a?, which yields
payoff 0 for each agent; meanwhile, if they received no signals then they could take action profile
a' at any p' > %, which yields payoff ! — 2" > 0 for each agent. However, even if each agent
can strategically choose whether to receive a signal or not, the principal can still induce action
profile a” as a unique rationalizable outcome (Theorem 2). The second question is: What makes
our information structure different from binary information structures? In the binary (public or
private) information structures, the regime’s payoff is close to 0 if u! is high; however, in our
information structure, it is equal to 1 if u! is non-degenerate (Figure 1). The key difference turns
out to be the signal space cardinality. Binary signal spaces, of course, are finite; however, our signal
space is infinite. For any finite (not necessarily binary) signal space, the regime’s payoff must be
close to 0 if u! is high (Theorem 3).



3 Model

Payoff Environment There is a finite set of agents I = {1,2,..., N} (for any N > 2), where 4
denotes a generic agent and —i denotes all agents but ¢. There is a countable set of payoff-relevant
states © = {0,1,...}, where 6 denotes a generic state. A basic game G consists of (i) for each
i € I, a finite set of actions A; and a payoff function u; : A x © — R, where A = [];,c; A; is the
set of action profiles, and (ii) a common prior p € A(O), where u? is the probability of a state 6.
That is, G = ((Ai, ui)ier, ©, ). As usual, let A_; =[];; Aj, where a_; denotes a generic element.

Here is our key equilibrium concept (e.g., Morris et al., 1995; Kajii and Morris, 1997). Roughly
speaking, action profile a* = (aj,a’,...,a}) is a strict p-dominant equilibrium if each agent ¢

wants to take action a] when agents —i take actions a*; with probability at least p;.

Definition 1. Given any p = (p1,p2,...,pn) € (0,1]V, action profile a* = (af,a3,...,a%) is a
strict p-dominant equilibrium at a state 6 if for each ¢ € I, each a; € A;\{a}}, and each A € A(A_;)
with probability A(a*;) > p;, it holds that

Z Ma—i)ui(a],a—;,0) > Z Ma—i)ui(a,a—;, 0).
a_;€A_; a_;€EA_;

We will mainly study the class of games such that (i) action profile a® = (a9, a3,...,a%) is a

strict p-dominant equilibrium with Y, p; < 1 in all states, and (ii) action a? is strictly dominant

for each agent i in a state, say, 8 = 0.

Assumption 1. There exists an action profile, denoted a® € A, such that it is a strict p-dominant
0

equilibrium with Y ,c;p; < 1 in each state 0 € © and that action a; is strictly dominant for each

agent i in state 6 = 0.

We interpret action a) of Assumption 1 as a “safe” option for agent i that he wants to take

whenever he is uncertain how agents —: behave—that is, whenever he assigns probability at least
0

p; to agents —i taking actions a”,. The strict p-dominance with > ,p; < 1 is a many-player

11
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coincides with the risk-dominant equilibrium in a two-player two-action symmetric game.

many-action generalization of the risk-dominance. Indeed, the strict (5, 5)-dominant equilibrium

Remark 1. The class of games satisfying Assumption 1 has many applications. Here are several
examples. The first application is a game of political revolution, which we take as the example in
Section 2. In this example, action 0 (not attack) is a safe option for each agent. More precisely,
for any p > é, action profile a’ = (0,0) is a strict (p, p)-dominant equilibrium in both states, while
action 0 is strictly dominant for each agent in state 0.

The second application is bank runs. By way of illustration, suppose that there are two depos-
itors, and each has 1 unit of money in a bank and decides whether to withdraw her money (run)
or wait for the maturity (wait). The state of nature corresponds to the bank’s solvency. The bank
with high solvency keeps 2 units of money; thus, each depositor receives 1 if she runs and receives

14 r if she waits, where r > 0 is the interest payment. The bank with low solvency has 2d units of



money for d € (1 —r,1); thus, if one runs and the other waits, the running one receives 1, whereas
the waiting one receives 2d — 1, while if both run, each receives only d (i.e., a bank run). Even

in the low solvency case, if both wait, each receives 1 + r. This game satisfies Assumption 1 with

1—-d 1—d
1—d+r 1—d+r

a® is the strict (p, p)-dominant equilibrium for each solvency, and (ii) waiting is strictly dominant

action profile a’ of both waiting, because (i) for any p > (where < %), action profile
if the solvency is high. We note that this kind of information design can be interpreted as how to
design a stress test for the bank (Inostroza and Pavan, 2020).

The third application is an investment game. There are two firms, and each decides whether
to invest in a new technology (e.g., software) or not. The investment cost ¢ > 0 is known, while
the software quality ¢ is not. Given a quality ¢, the firm that invests in the software obtains utility
g — ¢ from “intra-firm” use, and gains an additional (known) spillover x from “inter-firm” use if
both firms invest. Normalize the utility from not investing to zero. This game satisfies Assumption
1 with action profile a® of both investing, if the best quality ¢ is such that ¢ — ¢ > 0 and the worst
quality g is such that x > 2(c — ¢) > 0. This is because (i) for any p > c;—g (where C;—g < 1),
action profile a” of both investing is the strict (p,p)-dominant equilibrium for any quality ¢ and
(ii) investing is strictly dominant if the quality is g.

Lastly, we note that these applications are well suited to multi-agent persuasion. A principal
(e.g., a bank or a software company) may send private information to each agent. Such private
communication is possible, for example, via online communication (Arieli and Babichenko, 2019).
In the above applications, information about the bank’s solvency, the software quality, etc. is sent

through private communication. ([l

Information Environment A principal wishes to persuade the agents to take action profile a?,
regardless of a state §. That is, her preference is state-independent. She designs an information
structure (S, 7). That is, she chooses a signal space S; for each ¢ € I and a distribution 7 (- | ) €
A(S) for each 0 € ©, where we write S = [[;c; S.

For expositional purposes, we will maintain the usual commitment assumption, which requires
that the principal be able to commit to the information structure (S, 7). However, this assumption

turns out to be unnecessary for our results.

Worst-Case Analysis The game proceeds as follows. First, nature draws a state 6. Second,
given an information structure (S, 7), which generates a signal profile s = (s1, $2, . .., sn5) according
to the distribution 7 (- | #), each agent i observes the signal realization s; and then chooses action
a;. Assume that the principal maximizes the worst-case payoff. That is, if the agents have multiple
rationalizable strategies given disclosed information, the principal anticipates that they will take

the “worst” rationalizable strategy profile, which minimizes the principal’s payoff.

4 Main Results



4.1 Optimal Persuasion

We will now describe an optimal information structure whereby the principal persuades the agents
to take action profile a®. For expositional purposes, we describe it as if the principal were send-
ing information sequentially. We will rewrite the sequential protocol into the usual information
structure (S, ) later. The advantage of using the sequential protocol is that the connection to
information robustness becomes more apparent. To minimize the risk of confusion, we say that the
principal sends “messages” when we treat the principal as if she sent information sequentially, while
she sends “signals” when she sends information only once according to an information structure
(S,m). In Section 4.1, we assume that the agents must receive any signals or messages sent from
the principal; that is, we ignore their incentives about whether they receive the signals or messages.

We will revisit the incentives in Section 4.2.

Optimal Information Structure The principal manipulates the agents’ (higher-order) beliefs
by sending messages that are correlated to state §. The agents update their beliefs based on their
messages and then take actions. Given parameters ¢, ¢1,...,¢n, with sum ¢y = "7 @5 < 1, we

consider the following information structure in the sequential protocol:

Case of State § = 0: The principal sends messages 0 to all agents with probability 1 and then

sends no more messages (to any agent).
Case of State 6 # 0: The principal sends messages according to the following rule:

Round 0: The principal sends messages 1 to all agents with probability 1— N, or she chooses
agent ¢ with equal probability ¢ for each of them and sends message 1 to (selected) agent
1 and messages 0 to agents —i. If she has sent messages 1 to all agents, she proceeds to

Round 1; otherwise, she does not send any more message (to any agent).

Round k > 1: The principal sends messages k + 1 to all agents with probability 1 — ¢y, or
she chooses agent ¢ with probability ¢; for each of them and sends message k + 1 to
(selected) agent ¢ and no messages to agents —i. If she has sent messages k + 1 to all
agents, she proceeds to Round k + 1; otherwise, she does not send any more message (to

any agent).

Figure 2 illustrates the protocol in the case of state 8 £ 0. The protocol starts from the hollow node
on the left. The numbers in parentheses denote message profiles. For example, (2,3,2,...,2,2) is
a message profile that agent 2 receives message 3 and the other agents receive messages 2. The
numbers by arrows denote transition probabilities. For example, ¢2 in Round 2 is the probability
that the principal sends message 3 only to agent 2 conditional on having sent messages 2 to all
agents. The principal continues to send messages until she reaches some message profile (with no

arrow from it). For example, the probability of message profile (2,3,2,...,2,2) conditional on state
0 £0is (1— Np)(1— 6r)ds.
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Figure 2: an optimal information structure at state 6 # 0

Optimal Information Structure Reformulated We reformulate the sequential protocol into
the form (.S, 7), in which she sends information only once. Let S; = {0,1,2,...} be agent ¢’s signal
space for each i € I, and let S = [[;c;S; be the set of signal profiles. It suffices to specify the
distribution (- | #) € A(S) for each § € ©. We say that for each k € S;, agent i receives signal
s; = k if he receives message k but not k£ + 1 in the sequential protocol.

The optimal information structure, which is described above, identifies a signal distribution
(- | 8) € A(S) for each § € ©: 7(0,0,...,0]6 =0) =1, (0,...,0,1,0,...,0 | 8 # 0) = ¢, and
m(k, ... kk+1,k,....k|0#0)=(1—Np)(1—¢;)*1¢;, where agent i is the agent who receives
signal k + 1, for each k > 1. The probabilities for any other signal profiles are zero. Hence, we can
translate the sequential protocol into the information structure (S, 7) and vice versa.

Note that each agent’s signal space is infinite. This is in contrast to most studies of persuasion,
in which each agent’s signal space is finite (e.g., Mathevet et al., 2020). In Section 5, we will see
that the cardinality of signal spaces plays an important role in multi-agent persuasion.

Our first result is that the principal can persuade the agents to take action profile a® with

probability 1.

Theorem 1. Let a basic game G satisfy Assumption 1. For any prior u° # 0, there exist parameters
©,P1,...,0N such that the corresponding information structure implements, with probability 1,

action profile a® as a unique rationalizable strategy profile.

Theorem 1 is useful when the principal is concerned about the worst case, in which she as-
sumes that the agents will take an adversarial rationalizable strategy profile of the Bayesian game
(G, (S, 7)), which consists of the basic game G and the principal’s choice of information structure
(S, 7). This result guarantees that the principal can uniquely achieve the agents’ behavior that the
principal desires, even under the cautious assumption about their behavior.

We will now sketch the proof of Theorem 1, relegating the details to Appendix A.

Step 0: Suppose that agent i receives signal s; = 0. If ¢ is small enough, agent ¢ will assign a high
probability to state 6 = 0, thereby taking action aY, which is the strictly dominant action at
state 6 = 0.
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Step 1: Suppose that agent i receives signal s; = 1. Then, he knows that state 6 # 0 is realized.®
He also knows that agent j’s signal is either 0, 1, or 2 for each j # i. He does not know
whether agents —i know that state 6 # 0 is realized. If the principal takes ¢; = 3 ;c; ¢;

small enough then agent ¢ assigns a high probability to agents —¢ receiving signals s_; = 0
0

(and taking action a” ;). Hence, agent ¢ chooses action a?, which is, by Assumption 1, the

best response to actions a’; at state 6 # 0.

Step 2: Suppose that agent i receives signal s; = 2. Then, he knows that state 6 # 0 is realized
and that agent j’s signal is either 1, 2, or 3 for each j # i.'0 Agent i knows that all agents
know that state 6 # 0 is realized, but does not know whether agents —i know that all agents
know that state 6 #£ 0 is realized. For carefully selected ¢;, the principal can make agent i
assign probability at least p; to agents —i receiving signals s_; = 1 (and taking action a? ).

0

Hence, agent i chooses action a?, which is, by Assumption 1, the best response to actions a”;

at state 6 # 0.

Step k£ > 3: Suppose that agent i receives signal s; = k. By the same logic as in Step 2, agent ¢
0

will choose action a; .

The optimal information structure combines the ideas of persuasion and (higher-order) belief
perturbation. Step 0 manipulates the distribution of agents’ (first-order) beliefs about state 6.
When agent i assigns a high probability to state § = 0, he will choose action a, which is strictly
dominant. Hence, this step involves no strategic interaction among the agents and is analogous to
(single-agent) persuasion. Since the principal does not have to tailor different (first-order) beliefs
to different agents, we can take a parameter ¢ common to all the agents. Step k > 2 perturbs the
agents’ (k + 1)th-order beliefs. In this step, agent i knows that state 8 # 0 is realized and may
not have a strictly dominant strategy. Since he cares about agents —¢’s actions, the principal can

persuade agent i into action a if she induces agent i to believe that agents —i will take actions
0

a”; with probability at least p;. Since the principal has N objects to control (one for each agent),
she has N parameters ¢1,...,¢n. Once she chooses them, since all steps k& > 2 have the same
structure, she can use the same parameters. This is why the choice of parameters ¢1,...,¢n is
independent of Step k£ > 2. Finally, Step 1 “connects” these two ideas. The principal adjusts the
sum ¢y, which is required to be small enough in Step 1, for all the steps to be compatible.

The commitment assumption (that the principal commits to her information structure) is not
necessary for Theorem 1. The reason is that since every signal realization leads to the same action

profile a®, the principal has no incentive to misreport any signal realization.

81n this study, we say that an agent knows an event if he assigns probability 1 to the event and the event is true.
9If there are two agents, agent i receiving signal s; = 1 knows that agent —i’s signal is either 0 or 2.
107f there are two agents, agent i receiving signal s; = 2 knows that agent —i’s signal is either 1 or 3.
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4.2 Agents’ Strategic Decision about Whether to Receive Information

A principal can persuade agents into action profile ¢ under the (implicit) assumption that all
agents must receive the signals from the principal (Theorem 1). What if they can choose whether
to receive the signals or not? In the example presented in Section 2, they are strictly better-off
when they do not receive the signals than when they do. That is, the principal’s signals make them
worse-off. A natural question is: Are they willing to receive such signals? We show that even if
each agent can strategically choose whether or not to receive his signal, the principal can still send

the signals that each agent i chooses to receive, thereby achieving action profile a®.!!

Modified Model We modify the model so that each agent i can choose whether or not to
receive signal s;. Specifically, the modified model proceeds as follows. First, nature draws state 6,
while the principal designs an information structure (S, 7). Second, each agent i decides whether
or not to receive signal s;. Formally, he makes decision n; € {o0,0}, where we interpret oo as
the agent receiving signal s; and () as the agent not receiving it. Assume that agent i’s decision
n; is unobservable to the others.'? Third, the principal sends signals s = (s;); according to the
information structure (S, 7). Since some agents may not receive signals, we distinguish the signal
sent to agent i and the signal received by agent i. Let s denote the signal received by agent 4,
and let s; denote for the signal sent to agent ¢ (as before). For each s; € S, if n; = oo then agent 4
receives signal sZ¥ = s;, while if n; = () then he receives no signal, denoted s = (). Lastly, each agent
1 takes action a; based on his received signal SZR. Formally, a strategy for agent i is a pair (n;, o),
which comprises his signal-receiving decision n; € {c0,0} and a function «; : S; U {0} — A(4;)
that assigns to a received signal s his (random) action a;(sf). The original model corresponds to

each agent ¢ making decision n; = oo.

Theorem 2. Let a basic game G satisfy Assumption 1. In the modified model, the unique ratio-

nalizable outcome is action profile a® under the information structure (S,7) of Theorem 1.

We discuss an intuition for this result. Consider the example in Section 2. There are two
agents, each of whom chooses action a; € {0,1}; they will play action profile a” = (0,0) if they
receive the signals from the principal, but could play action profile a' = (1,1) if they did not (at
the prior pu! > %) We will see that each agent ¢ chooses to receive signal s;, regardless of whether
agent j # ¢ receives signal s;. Suppose that agent j does not receive signal s;. If agent ¢ does
not receive signal s;, he acquires no information about state # and plays some «;(0)). However, if
agent 7 receives signal s;, he can decide which action to take conditional on a received signal sf.

Consider agent i’s strategy (0o, al) such that (i) If s# = 0 (which makes him pretty sure of state

" Once an agent receives a signal, he automatically updates his belief based on the (realized) signal. Hence, the
only way to avoid updating a belief is to not receive the signal.

12The unobservability assumption is natural in private persuasion. The setting that agents —i learn what agent i
will know does not suit private persuasion. If their choice (n1,n2,...,nny) were common knowledge then there could
exist a trivial equilibrium such that the agents could play some action profile a # a®. For example, in the game in
Section 2, if we have a prior p' > %, then there is an equilibrium such that each agent i chooses n; = @) and plays
a; =1 if n1 =no =0 and a; = 0 otherwise.
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0 = 0), he takes action a; = 0 and (ii) if s# > 1 (which makes him sure of state # = 1), he plays
ol (sF) = (). We see that strategy (0, ;) is strictly dominated by strategy (oo, o)), if a; () does
not assign probability 1 to action a; = 0.1 Hence, agent i receives signal s;. Similarly, we see that
even when agent j receives signal s;, agent ¢ receives signal s;. In either case, since each agent ¢
receives signal s;, the situation is identical to that of Theorem 1; therefore, the agents play action

profile a® = (0,0). Lastly, we note that the commitment assumption is not necessary.

Modified Model with the Sequential Protocol Theorem 2 assumes that the principal sends
signals s = (s;); once according to the information structure (S,7). Another way of sending
information is to send messages sequentially, as considered in Section 4.1. In this setting, each
agent may “filter” which messages to receive. For example, an agent may receive messages up to 2
but not more. Since this setting allows the agents to select information more flexibly, it may seem
that the agents can coordinate to receive some messages and play some action profile a # a’.
Formally, we allow each agent i to choose n; from the set {1,2,...,00} U{(0} (instead of the set
{o00,0}). Here n; € {1,2,...,00} represents the largest message he is willing to receive. Note that
if n; = 1 then agent i receives either message 0 or 1. For any n; € {1,2,...,00}, if the principal
sends message k; (but not k; + 1) to agent i, then agent i receives message min{k;, n;} and takes
action o;(min{k;,n;}). All the other settings are maintained. Even in this setting, the unique

rationalizable outcome is action profile a?.14

Theorem 2’. Let a basic game G satisfy Assumption 1. In the modified model with the sequential
protocol, the unique rationalizable outcome is action profile a’ when the principal sends messages

sequentially according to the information structure (S, 7) of Theorem 1.

5 Discussion

We discuss two key assumptions for our results.

5.1 Cardinalities of Signal Spaces

Consider the example of Section 2. Recall that the principal’s payoff from our information structure
is significantly different from those from other information structures (Figure 1). What causes this
difference? An information structure (S, 7) induces a distribution 7 over agents’ posterior beliefs.

The key is the cardinality of its support, |supp(7)|. The cardinality is infinite in our information

131f o; () assigns probability 1 to action a; = 0 then we can see that the agents play action profile a = (0,0).

“Binmore and Samuelson (2001) consider a version of Rubinstein’s (1989) electronic mail game in which commu-
nication is strategic. Each player ¢ (out of two) is allowed to choose m; € {0,1,..., 00}, which is the largest message
player i sends. In some equilibrium, the players send only a finite number of messages, and coordinate on a relevant
action profile (if they receive the messages). In contrast, we consider communication between a principal and agents.
In our model, each agent decides the largest message he receives. Our result says that in every equilibrium, the agents
cannot coordinate on a relevant action profile.
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structure, while it is finite in the other information structures. Many existing studies on multi-
agent persuasion assume that the support is finite by restricting a signal space S to a finite set
(e.g., Bergemann and Morris, 2016a; Mathevet et al., 2020; Taneva, 2019).

We examine the implication of the finite-support assumption. We demonstrate that the finite-
ness assumption restricts a principal’s ability to manipulate agents. To this end, it suffices to
consider an information structure (S,7) with the signal space S finite. This is because, for any
finite-support distribution 7 over agents’ posteriors, if it is induced by some information structure,
there is another information structure with its signal space finite.!> In the example of Section 2,

we obtain the following proposition:

Proposition 1. Suppose that a signal space S is finite. As a prior u' tends to 1, the limit of the
principal’s (worst-case) payoff is 0, for any distributions {7 (- | 0)}gco.

We prove Proposition 1 as a special case of a more general result (Theorem 3) below. Note
that Proposition 1 fixes the cardinality of a signal space S and allows the principal to change a
distribution 7 as the prior varies. If we allow the principal to change the cardinality of a signal
space S (not only a distribution 7) according to the prior u!, then the (worst-case) payoff may be

close to 1 when p! is close to 1.

Generalization The implication of this finiteness assumption (Proposition 1) is generalizable.

For this analysis, we weaken Assumption 1.

Assumption 2. Let G = ((4;,u;)i, O, 1) be a basic game with a finite state space © such that
for each 0 € ©, the state-0 complete-information game (A;,u;(-,0)); has a strict Nash equilibrium,
denoted af.

Theorem 3. Let a basic game G satisfy Assumption 2, and fix any state 6* € ©. Suppose that
a signal space S is finite. For any € > 0, there exists some § > 0 such that if we have a prior
w(0*) > 1 — 6, then regardless of the choice of distributions {m(- | 0)}eco, the Bayesian game
(G, (S, 7)) has a Bayesian Nash equilibrium in which a®" is played with probability at least 1 — e.

Proof of Proposition 1. The example of Section 2 satisfies Assumption 2. It has a strict Nash
equilibrium a® = (0,0) in the state-0 complete information game and two strict Nash equilibria
a' = (1,1) and a® in the state-1 complete information game. From Theorem 3, it follows that as
put — 1, regardless of the choice of distributions {7(- | #)}sceo, the corresponding Bayesian game
has a Bayesian Nash equilibrium such that the probability that a' is played converges to 1, so that
the limit of the principal’s (worst-case) payoffs is v(1,1) = 0. [

Remark 2. We illustrate the role of the cardinality of a signal space .S in Theorems 1 and 3. As

illustrated above, the key to Theorem 1 is that when agent ¢ receives signal s; = k > 1, he assigns

15To see this, fix any finite-support distribution 7 that is induced by some information structure (S, 7), where the
signal space S may be infinite. For any two posteriors t,t' € supp(7), if t # ' then there are two distinct realizations
s,s" € S of signal profiles. Hence, |supp(7)| < |S]. If |supp(7)| < oo but |S| = oo, then we can ignore all realizations
s € S that generate no posteriors (i.e., have probability zero under the distribution ).
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a high probability to agents —i receiving signals s_; = k — 1. This makes agent ¢ uncertain about
0

agents —¢’s behavior, driving agent 7 into the “safe” action a;. To create such uncertainty, an
infinite number of different signals are needed. This is why we assume that the signal space S is
infinite in Theorem 1. In contrast, if a signal space is finite as in Theorem 3, there is the “last”
signal K such that if agent i receives signal s; = K, he assigns a high probability to agents —i
receiving the same signals s_; = K. This implies that the agents would approximate (non-trivial)
common knowledge about their signals and thus the state, which may lead to action profile a # a°.
Although this intuition is based on the special information structure of Theorem 1, we show, in the

proof of Theorem 3, that the same argument works for all possible information structures. O

5.2 Assumption 1

Using the following variant of the example in Section 2, we show that the condition > ,c;p; <1
of Assumption 1 is a tight requirement for Theorem 1. The variant obtains merely by replacing
the payoff table 1 with the payoff table 2 below. In this variant, each agent receives payoff g from
action profile a' = (1,1) at state §# = 1. All the other settings are maintained.

=0 a2:0 CL2:1 =1 a2:0 a2:1
a1 =0 0,0 0,—2 a1 =0 0,0 0,—2
a; =1 —-2,0 —2,-2 ap =1 —-2,0 g,9

Table 2: the agents’ payoffs for the modified example

Suppose that g > 2. Then, Assumption 1 fails to hold in this variant. At state § = 1, for any small
€ > 0, action profile a® = (0,0) is a strict (p +¢, pJ+¢€)-dominant equilibrium, where p§ = pJ = 2%;,
(thus, 3°;(p? + €) > 1); in contrast, action profile a! = (1,1) is a strict (p} + ¢, p3 + €)-dominant
equilibrium, where pi = pl = ﬁ (thus, 3°;(pt +¢€) < 1). That is, a* is “safe” but a® is not. In the
following proposition, we show that, regardless of the choice of an information structure (S, ), the

principal (regime) cannot always prevent agents from playing action profile a'.

Proposition 2. If g > 2, then for any (finite or infinite) signal space S and any distributions
{7(- | 0)}geo, the limit of the principal’s (worst-case) payoff is 0 as the prior pu' tends to 1.

Using Proposition 2, we illustrate an intuitive reason why the condition }; p; < 1 of Assumption
1 is needed for Theorem 1. The key idea of this theorem is that the principal perturbs the agents’
(higher-order) beliefs so that each agent is uncertain what the other agents know and thus how
they behave. Under such beliefs, they want to play the “safe” action profile, which is the strict
p-dominant equilibrium with >, p; < 1. Recall that when g > 2 (under which Assumption 1 fails
to hold), in the state-1 complete-information game, a' = (1,1) is “safe” but a® = (0, 0) is “unsafe”;
therefore, whenever the agents can play a” (unsafe) in an equilibrium, they can also play a' (safe)
in another equilibrium. Consequently, the principal’s (worst-case) prediction is a', which yields
payoff 0 for her. In the proof of Proposition 2, we show that for any prior u! close to 1, the agents

will be commonly sure about state # = 1 and thus can play a'.
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Proposition 2 implies that the condition ), p; < 1 is tight: If action profile a is not the strict
p-dominant equilibrium for any p with ) ,p; < 1, then the principal cannot always persuade the
agents to uniquely play a. As discussed above, in the state-1 complete-information game, whenever
the agents can play the unsafe actions in an equilibrium, they can also play the safe ones in another
equilibrium. To see the tightness, we consider how threshold 1 of >, p; <1 is related to the safety
of actions. Since (p) — %)(pz1 — %) < 0 for any g # 2 (where p) = ﬁ and p} = ﬁ), exactly one of
p? or p} is less than 1. This implies that if action a; is safe (i.e., p{* < pi1 ~%) then p{* < 4. That
is, the threshold % determines which action is safe. Hence, if action profile a = (a1, a3) is not the
strict p-dominant equilibrium for any p such that Y-, pi* < 1, at least one agent ¢ has action a;

such that p;* > % and it is not safe for him; thus, action profile a could not be played uniquely.

6 Conclusion

We have studied a persuasion model in which a principal endogenously designs multiple agents’
information structure. The principal wants the agents to take action profile a® that consists of “safe”
options for the agents (Assumption 1). The principal can persuade the agents to take a° as a unique
rationalizable outcome, regardless of a (non-degenerate) prior (Theorem 1). This result is built on
our observation of the tight connection between multi-agent persuasion and information robustness
of equilibrium. Even if the agents can strategically choose whether to receive information from
the principal or not, they are still induced into @ (Theorem 2). Additionally, we have examined
the underlying assumptions for these results. In particular, the cardinality of a signal space can
affect the principal’s ability to manipulate the agents. It is essential to our results that the signal
space is infinite; if it were finite, our results would not hold (Theorem 3). This result highlights
the implications of finite signal spaces, which are often assumed in the literature.

Future research can be considered along several dimensions. First, since many applications of
interest are intrinsically dynamic, with agents learning from an unknown state from past actions
(e.g., Basu et al., 2020), it would be interesting to extend the analysis. Second, it would also be
interesting to allow agents to communicate. In this extension, a principal must design information

structures, while predicting how the agents communicate their information.

A Omitted Proofs

A.1 Theorem 1

The following notations are useful: s = k means that each agent i receives signal s; = k, while
s > k means that each agent 7 receives signal s; > k. Similarly, s_; = k& means that each agent
j # i receives signal s; = k. Moreover, we write 7¥(-) = (- | §) for each . Note that 7°(s = 0) = 1
and 7% = 7! for each 6 # 0.
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Step 0: Suppose that agent i receives s; = 0. Then, his belief is:

0
P(@:O\si:m:Moﬂlj’;))ﬁl(sizo), (1)

where 7l(s; = 0) = (N — 1)p. This belief is arbitrarily close to 1 if we take ¢ > 0 small

enough. Let ¢ < %, in particular. Hence, a! is strictly dominant for agent i.

Step 1: Suppose that agent i receives s; = 1. Then, his belief is:

_ 1y ¥
Ploi=0ls =1 = o Ny — ) @)

Since ¢ < %, this belief is arbitrarily close to 1 if we take ¢; = > ;s ¢; small enough. That
0

is, he assigns probability at least p; to agents —i taking a”;, and thus chooses a!.

Step k > 2: Suppose that agent ¢ receives s; = k. Then, his belief is:

Ps_;=k—1|s =k) = b (3)

i+ (1 —or)(or — i)

Let pr = >2;erpj- Then, py <1 by Assumption 1. If we take ¢; = (p;/ps)¢r for each i € I
then this belief is at least p;.'% That is, he assigns probability at least p; to agents —i taking

0 0

a_;, and thus chooses a; .

Lastly, we show that P(s; < oo) = 1. Since P(s > k) = (1 — ¢;)*"1P(s > 1) for each k > 1, there
exist j € I and K < oo with probability 1 such that s; = K. Then, s_; = K for all except for one,
say ¢ # j. Thus, s; = K + 1.

A.2 Theorem 2

We use the same notations as in the proof of Theorem 1. In addition, for each a; € A(A4;) and
each a; € A;, we use the following notations:
o ;(s®) = a; means that o;(s?) assigns probability 1 to action a;.
o «;(s) # a; means that a;(s¥) does not assign probability 1 to action a;.
We also write (n;, a;") for agent i’s strategy when we want to be explicit about his decision n;.
We prove the theorem by showing that each agent ¢’s strategy (@,a?) is strictly dominated
whenever a?(@) # aY. Given any strategies (n_;,a_;) for agents —i, if agent i plays (@,a?) then

his payoff is
HOE |us(ad (s), a5,0) | 0 = 0] + (1 = pO)E [us(af (s]), a1,0) | 0 £ 0], (4)

In this proof, we will omit the input s%; of the function a_;, as it causes no confusion. Recall that

0 is the prior probability of § = 0. If agent i plays another strategy (0o, a$®) such that af°(0) = a?

161f pr > 1, the belief would be smaller than p; for any small ¢; > 0.
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and a2°(s;) = a?(0) for each s; > 1, then his payoff is
KO [ui(af° ('), a0, 0) | 0 = 0] + (1 = uO)E[ui(af*(sf'), as,0) | 6 # 0] (5)

It suffices to prove that (5) — (4) > 0 regardless of agents —i’s strategies (n_;, «_;), where

— Elui(af(sf"),ai,0) | 0 = 0])
— E{ui(a?(sf),a_i,e) | 6 # OD

At state # = 0, the principal sends s; = 0 by the construction of (S, 7). If n; = oo then since
Ry = a0, If n; = 0 then since s2 = ), we have o?(s%) = a?(@). Hence

R _ ()
si* =0, we have af°(s; i (s

(6') = E[ui(ag, a_i,0)] 6= 0] - E{ui(a?(@)), a_i,0)] 6= o}.

Since a? () # af, there exist some 7 € [0,1) and some 3; € A(A;) with support supp(8;) € 4;\{a?}
such that a?(@) plays a? with probability n and 3; with probability 1 — n. Then,

(6) = (1 =) (E[ui(ad,a-1,0) [ 6 = 0] — E[ui(B:, a1,0) | 0 =0]). (7)

At state 6 # 0, the principal sends s; = 0 with probability (N — 1) and s; > 1 with probability
R

7

(N —1)p and () with probability 1 — (N — 1)¢. Hence,

1 — (N — 1)g. If n; = oo then since s = s;, it must be that a$°(sf?) plays a) with probability

E|ui(af*(sf),ai,0) [0£0] = (N=1)¢  Elwi( a? ,a,0)]0+# 0,5 =0]

+ (1= (N = )@)E[ui(al (0),a,0) | 0 # 0,5 > 1].
If n; = () then since s = () regardless of signal s;, it follows that

Elui(ad(sf),a,0) |0 £0] = (N =1)¢p  E[ual(0),a_:,0)| 0 £0,5 = 0]
+ (1= (N = 1)) [wi(af(0),a,0) | 6 # 0,5 > 1].

Hence,
(6") = (N = )¢(E|uiaf, a—i,0) | 0 # 0,5 = 0] — E[ui(a (8),a4,0) [ 0 # 0,5 = 0] ).
Since a? (0) plays a? with probability n and ; with probability 1 — 7, it follows that

(6") = (1= (N = (B |uial, ai,0) | 0 £ 0,5 = 0] — E[ui(Bi,0-5,0) | 0 £ 0,5, =0]). (8)
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Note that (6) = u® x (7) + (1 — u®) x (8). Since n < 1, we have (6) > 0 if and only if (9) > 0, where
=9
HO (B[ui(ad, ai,0) | 0= 0] — E|us(8;,a,0) [ 0 =0]) + (1 = p©)(N = 1)
x (E[ui(af, a—i,0) | 0 # 0,5 = 0] — E[ui(Bi,a-5,0) | 0 # 0,5 =0]).

=(9")

(9)

0

Since @ is strictly dominant at state # = 0 and f3; assigns zero probability to a?, it follows that

(9) is bounded away from zero. That is, there exists some @ > 0 such that (9') > u for each a_;.
Since the action spaces are finite, (9”) is finite for each 8; and each a—_;. If ¢ > 0 is small enough
then (9) > 0. Hence, agent ¢’s strategy (0, a?) is strictly dominated whenever a?(@) # al.

Since each agent i’s every rationalizable strategy (n;, a;) is such that either (i) n, = 0 and
0

a?(0) = a or (ii) n; = oo, it suffices to show that his uniquely rationalizable action is action a? in

case (ii), where he plays strategy (co,a®). First, if s = 0, his belief P(§ = 0 | s = 0) is equal to
the right-hand side of equation (1) with 7!(s; = 0) = (N — 1)¢, and is close to 1, which leads him
to take action a?. Hence, a°(0) = a? for each i. Second, if s® = 1, his belief P(s_; = 0| sf* = 1)

is equal to the right-hand side of equation (2), and is close to 1. Each agent j # i takes action

a} when s; = 0 is sent, regardless of whether agent j takes (i) n; = () and a?(@) = a or (i)
n; = oo and 04;?0(0) = ag-). When receiving SZR = 1, agent ¢ assigns probability close to 1 to agents
0

—i taking actions a” ;, which leads agent i to take action a). Hence, a°(1) = a? for each i. Third,

—7)
if s® = k > 2, his belief P(s_; = k — 1 | s = k) is equal to the right-hand side of equation (3),
and is at least p;. Each agent j # i takes action ag when s; = k — 1 is sent, regardless of whether

agent j takes (i) n; = () and a?(@) = af or (ii) nj = co and a°(k—1) = a?. Hence, when receiving

J
R _ 0

s;' =k, agent ¢ assigns probability at least p; to agents —¢ taking actions a”;, which leads agent i

to take action a?. By induction, a$°(k) = a? for each i and each k.

A.3 Theorem 2’

For brevity, we use the notation s; and s*: s; = k means that the principal sends message k but not
k + 1 to agent ¢, while sﬁ = k means that agent ¢ receives message k but not k£ + 1. In particular,

if the principal sends message k but not k£ + 1 to agent i and he makes decision n; € {1,2,...,00}
R

then he receives s;* = min{n;, k}. We use the same notation as in the proof of Theorem 2.

Step 1 For any small enough ¢ > 0, we show that each agent ¢’s strategy (@,a?) is strictly
dominated whenever a? (0) # @Y. Fix any strategies (n_;,a_;) for agents —i. Since agent i receives

no message, denoted sﬁ = (0, he plays a?(@), and his payoff from strategy (0, a?) is

> P(si = DE|uwi(al(0),a4,0) | 5i = 1| + P(si = OE[ui(al(0),a,0) [ s =0].  (10)
1esS;\{0}
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In this proof, we will omit the input si- of the function a_;, as it causes no confusion. If agent &
plays strategy (0o, a®) such that a°(0) = a? and a$°(l) = o?(0) for each I € S; \ {0}, then his
payoff is

> Plsi = DE[wi(a®(1),a-5,0) | si =1 +P(s; = 0)E[wi(a*(0),a-5,0) | s =0].  (11)
1€S5;\{0}

Since a5°(1) = a?(B) for each I € S; \ {0}, the first terms of payoffs (10) and (11) are equal to each
other. Since P(s; = 0) > 0 and a°(0) = @, it follows that (11) > (10) if and only if

Elui(af,a—i,0) | 5 = 0] > E|ui(af(0),a-;,0) | s; = 0]. (12)

By construction, P(§ = 0 | s; = 0) is equal to the right-hand side of equation (1) with 7!(s; = 0) =
(N—1)¢p, and is close to 1 if ¢ is small enough. This implies that a{ is strictly dominant when s; = 0.
Hence, (12) holds, and strategy (9, a?) is strictly dominated whenever o?(0) # aY. Moreover, as
suggested by this argument, it holds that for each ¢ € I and his every rationalizable strategy
(ni, "), if n; > 1 then a;(0) = a3.'"
In summary, if (n;, o) is agent j’s rationalizable strategy, then it satisfies either:

(1a) nj = 0 and a;(0) = aY; or

(1b) nj > 1 and «;(0) = al.

j
Step 2 For any small enough ¢; > 0, we show that each agent i’s strategy (1,a;) is (iteratively)
strictly dominated whenever a; (1) # a). Fix any rationalizable strategies (n_;, a_;) for agents —i,

which satisfy either (1a) or (1b). Then, agent i’s payoff is

> P(si = DE[ui(o} (min{1,1}),0-5,0) | s; = 1] + P(s; = DE[ui(e] (1), a,0) | si = 1], (13)
leS;\{1}

R
i

agent i’s strategy such that af°(1) = aY and a$°(l) = o} (min{1,}) for each I € S; \ {1}, then his
payoff is

where, since n; = 1, agent 7 receives s;* = min{1,l} when s; = [ is sent. Let (oo, a$°) now denote

> Plsi = DE[wi(a(D),ai,0) | si =1 +P(s; = VE[wi(a*(1),a-5,0) | si=1].  (14)
leS;\{1}

Since af°(l) = o} (min{1,1}) for each I € S; \ {1}, the first terms of payoffs (13) and (14) are equal
to each other. Since P(s; = 1) > 0 and a°(1) = a?, it follows that (14) > (13) if and only if

Elui(af,a i,0) | s = 1] > Elui(af(1),a-;,0) | s = 1]. (15)

"When s = 0, agent i assigns high probability (1) to state § = 0, thereby taking action o} (0) = af.

20



Every agent j’s rationalizable strategy (nj, ;) satisfies either (1a) or (1b). When s; = 0 is sent,
agent j takes action aQ regardless of whether (1a) holds (so that sf = () and o (0) = ag) or (1b) holds
(so that 5 =0 and a](O) ) Agent 4’s belief P(a_;(s%) =a, | si=1) > P(s_; =0 s; = k)
is at least the rlght hand side of equation (2), which is close to 1 if ¢; > 0 is small enough. Thus,

P(a_;(s®,) = a%, | s; = 1) is close to 1, which makes action a

uniquely optimal. Hence, (15) holds,
and strategy (1,a}) is (iteratively) strictly dominated whenever o} (1) # af. Moreover, as implied
by this argument, for each agent i’s every rationalizable strategy (n;, o), if n; > 2 then o' (1) = a!
for each [ =0, 1.

In summary, if (n;, o) is agent j’s rationalizable strategy, then it satisfies either:
(2a) nj = 0 and o;(0) = af; or
(2b) nj > 1 and a;(1) = af for each I =0, 1.

Step 3 By induction, we show that for each i € I and for each k > 2, if a¥(k) # a? then (k,aF)
is (iteratively) strictly dominated. Given any k > 2, fix any rationalizable strategies (n_;, a—_;) for
agents —i, where for each j # 4, agent j’s rationalizable strategy (n;, «;) satisfies either condition:
(3a) nj =0 and () = aY; or

(3b) nj > 1 and aj(min{k,l}) = af for each I =0,1,...,k— 1.

Note that if & = 2, (3a) and (3b) are identical to (2a) and (2b). Agent i’s payoff from strategy
(k,ak) is

> P(si = DE|ui(af (min{k,1}),a;,0) | s; = 1] + P(s; = ) |us(af (k),a_,0) | 5 = k], (16)
leS;\{k}

where, since n; = k, agent ¢ receives sR

agent i’s strategy such that a$°(k) = af and a$°(l) = o} (min{k,}) for each [ € S; \ {k}, then his
payoff is

= min{k, [} when s; = [ is sent. Let (00, a$°) now denote

> Plsi = DE[ui(af (1), a-i,0) | i = 1] +Ps; = B)E [us(af®(k), a,0) | 5 = k|. (17)

leSi\{k}

Since a$°(l) = of (min{k,1}) for each I € S; \ {k}, the first terms of payoffs (16) and (17) are equal
to each other. Since P(s; = k) > 0 and a$°(k) = a?, it follows that (17) > (16) if and only if

E|ui(af, ai(s5),0) | si = k| > E|ui(af (k),a_i(s%),0) | s; = k|. (18)

Every agent j’s rationalizable strategy (n;,a;) satisfies either (3a) or (3b). When s; = k — 1
is sent, agent j takes action a(])- regardless of whether (3a) holds (so that sf = () and o;(0) =
a}) or (3b) holds (so that sf = min{k — 1,n;} and o;(min{k — 1,n;}) = a?). Agent i’s belief
Pla_i(s®)=0a" | si =k) >P(s_; =k — 1| s; = k) is at least the right-hand side of equation (3),
which is at least p;. Thus, P(a_;(sf,) = a®, | s; = k) > p;, which makesa ction a? uniquely optlmal
Hence, (18) holds, and strategy (k,a¥) is (1terat1vely) strictly dominated whenever of (k) # af
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Finally, we note that each agent i’s rationalizable strategy (n;, a;) satisfies one of the following
conditions: (i) n; = 0 and o;(0) = a¥; (ii) n; = 1,2,... and a;(1) = a for each [ = 0,1,...,n;; or
(iii) n; = oo and «a;(1) = a? for each [ = 0,1,.... In any case, agent i takes action a) regardless of

his received message.

A.4 Theorem 3

Preliminaries Let 2 = © xS denote a (finite) state space, with a generic element w = (0, s;,$_;).
Each agent i learns only his signal realization s; at a state w. For any event E C €, let BI(E) =
{w : P(E | s;) > q} be the event that agent i assigns to the event E probability at least ¢, and
let BY(E) = ;e; B{(E). Let (BY)Y(E) = BI(E) and (B9)*(E) = BI((BY)*~(E)) for each k > 2.
Define an event C9(E) = N2,(BY)*(E), and we say that the event E is common g-belief when
a state w € CI(E) is realized. To ease notation, let C%(0) = CI({f#} x S). Analogously, let
Bl(0) = Bl({6} x S) and B1(f) = B1({6} x S).
In this proof, we will use the following result due to Monderer and Samet (1989):

Lemma A.0. In the setting of Theorem 3, the following two hold:

(i) Let G be the Bayesian game defined by the basic game G with an information structure (S, 7).
There ezists some q € (0,1) such that the game G has a Bayesian Nash equilibrium that plays

action profile a® on the event C9(6*).'

(ii) For each q, w € C1(0%) if and only if there exists an event F' 5 w such that F C BY(F) and
F c B(6%).

Proof of Theorem 3 By Lemma A.0, it suffices to construct an event F' such that F' C BI(F)
and F' C B1(0*) and that P(F) — 1 as u(6*) — 1.
We define the event F. For each i € I and each k € N, let SY = S; and S¥ = SF~1\ D¥, where

DF = {si c Skt :IP’({G*} x SF=1 | si) < q}.

As usual, let S¥71 = T[,; SF1 for each k € N. It is immediate that S* c S¥~! for each k € N.
Since © x § is finite, there exists some K > 0 such that S5+! = §X_ Then, define ' = {6*} x SK.

We show the desired properties mentioned above. First, we show that F' C BY(F). Since
SE+1 — §K it must be that DX+ = @, which implies that for each s = (s;); € S&, P(F | s;) > q,
where we recall F = {#*} x S&. That is, F C B(F). Second, we note that F C BI(6*). By
construction, SX C S! and F C B}(6*) for each i € 1.2 Hence, F' C B%(#*). Third, we show that

P(F) — 1 as pu(6*) — 1. Now we use the following lemma, which we will prove later.

Lemma A.1. For eachic I, P(UX, DF) = 0 as p(6*) — 1.

8Recall that action profile a’" is a strict Nash equilibrium of the state-0* complete-information game (A, ui(-, 6));.
197f K = 0 then by definition S} = S?; if K > 1 then S¥ C Sf(_l c---cCSY.
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Note that
P(F) > 1Y P({0*} x ULy DF x S-3) > 1= > P (UfS, DF).
iel el
In view of Lemma A.1, this inequality implies that P(F) — 1 as p(6*) — 1. Hence, we obtain the

desired result. [}

Proof of Lemma A.1. It suffices to prove that P(DF) — 0 as u(6*) — 1, foreach k = 1,2,..., K.
The proof is by induction.

Case k = 1: For each i € I, as u(6*) — 1, we have P(D} x S_; | 6*) — 0 and thus

P (D}) = w(0")P (D} x S |07) + > u(O)P (D} x S—; | 0) = 0.
040+

Case k > 2: Suppose, for induction, that IP’(DZ-) — 0 as p(#*) — 1, for each ¢ € I and each
k' < k—1. If agent i observes s; € D¥, then his belief is P({6*} x {s;} x S* | 5;) < ¢, where

* ) k—1
St = T Sjl?*l. By Bayes’ rule, P(g@};{iz}}:;j) ) < g, which is equivalent to

P(0 x {s,} x S_,) < liq{P(@ < {si} x S) —B({0) x sk x S5 (19)

Since S*7! = S_;\ UpZ, D¥

—1

it follows that

(0 x {si} x S=) \ ({07} x {si} x S*71)
C (O x {si} x Uy DX ) U (00 {0°3) x {si} x S-4).

Hence,
(19) < 7= {P(6 x {s:} x U DX) + B(@\ (D) x sk xS.) ). (20)

By the induction assumption, (20) — 0 as u(6*) — 1. Hence, P(© x {s;} x S_;) — 0. Since
DF is finite, it must be that P(DF) — 0 as u(6*) — 1. [ |

A.5 Proposition 2

We use the same notation as in Appendix A.4 (cf. the paragraph of Preliminaries). Note that action
profile (1,1) is a strict Nash equilibrium in the state-1 complete-information game. Analogously to
Lemma A.0, any Bayesian game G, defined by the basic game G of this variant and an information

structure (S,7), has a Bayesian Nash equilibrium that plays action profile (1,1) on the event

_2
2+g

probability of CP( = 1) given (S, 7). From the critical path result (Kajii and Morris, 1997), it

CP(0 = 1), where for any small enough € > 0, p = +e< % Hence, we are interested in the
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follows that

l—p
P(CP(O=1))>1— (1—p .
(©O=1)z1-(1-n')—
This inequality is true regardless of the agents’ higher-order belief specifications and thus regardless
of (S, 7). Note that P(CP(f = 1)) — 1 as u! — 1. Therefore, the limit of the principal’s (worst-case)
payoff is v(1,1) = 0 as u! — 1.

B Details of Example in Section 2

In this appendix, we examine the case of binary signals. Fix the signal space S; = {0,1} for each
agent ¢ = 1,2. If we have u! < %, the regime can forestall the coordinated attack and achieve the
optimal payoff 1 by sending no information. Hence, it suffices to consider p' > %

First, we consider the case of public signals. Since the agents observe the same signal realization,
it must be that m(s; # s2 | ) = 0. The optimal distribution is as follows: If § = 0, the regime
sends (s1, s2) = (0,0) with probability 1; if # = 1, it sends (s1, s2) according to Table 3.

=1 5o =20 so =1
s1=0 2v 0
s1=1 0 1-2v

Table 3: public information structure at state 6§ =1 (v = p®/u! € (0, 3))

1
If agent ¢ receives s; = 0, he assigns to § = 1 probability Wﬁfm

a; = 0 is rationalizable. If agent 7 receives s; = 1, he assigns to § = 0 with probability 0 and thus

= % and thus only action

both actions a; = 0, 1 are rationalizable. Hence, the regime’s payoff under the adversarial selection
is p0 4+ pt x 2v = 3(1 — pb).

Second, we consider the case of private signals. Since the agents may observe different signal
realizations, it may be that 7(s; # s2 | ) > 0. The optimal distribution is as follows: If § = 0, the
regime sends (s1, s2) = (0,0) with probability 1; if § = 1, it sends (s1, s2) according to Table 4.

=1 SQZO 82:1

S§1 = 0 0 2v
s1=1 2v 1—4v
Table 4: private information structure at state 6 = 1 (v = p%/p! € (0, 3))
If agent 7 receives s; = 0, he assigns to § = 1 probability % = % and thus action a; = 1

is weakly dominated. If agent i receives s; = 1, he assigns to # = 1 probability 1 and assigns to
1
agent —i receiving s_; = 1 probability ulxl(Ll—Xﬁ)jﬁMV = %:1215' He may take action a; = 1 only
8

if t%l”/ > %, or equivalently u! > 5- The regime’s payoff under the adversarial selection is 1 if
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% <pt < % and 1 — p!(1 —4v) = 5(1 — ptb) if p! > %. If pt > %, the probability that the agents

take different actions is non-zero.
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