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Abstract

We extend the standard model of two-sided markets by allowing pair-specific
benefits from interactions. We show how to estimate these benefits consistently and
tractably from agents’ repeated participation decisions under stochastic best response
play. The estimator exploits a formal equivalence between two-sided markets and
restricted Boltzmann machines, a class of neural networks. We illustrate the value of
estimating pair-specific benefits by exhibiting prices that, in a special case, maximize
both welfare and revenue. The estimator’s consistency extends to general binary-
action games with bilateral network externalities (e.g., R&D games and job-search

models).
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1 Introduction

Two-sided markets—often called platforms—connect two distinct groups of participants.
For instance, ride-sharing platforms such as Uber and Lyft, freelancing platforms such
as Upwork and Fiverr, and online-dating platforms such as Match.com and Tinder con-
nect riders and drivers, clients and freelancers, and men and women, respectively. The
literature on two-sided markets, pioneered by Caillaud and Jullien (2003) and Rochet and
Tirole (2003) and surveyed by Jullien, Pavan and Rysman (2021), examines pricing and
regulation. This literature assumes that network effects are homogeneous: each agent
cares about the number of participants on the other side of the market but does not care
about their identities. While this assumption may be valid for ride-sharing platforms, it
is inadequate for freelancing platforms, in which disparate skills and time commitments
matter greatly, and for online dating platforms, because romantic partners are not inter-
changeable. This restrictive assumption has persisted due to concerns for the model’s
tractability. Gomez and Pavan (2016) pioneer heterogeneous network effects, with het-
erogeneity being “vertical:” agents agree about which partners are more desirable. Our
contribution is to break away from imposing any a priori structure on network effects
without sacrificing model tractability. In particular, we show how to estimate the model’s
heterogeneous network effects off repeated observation of equilibrium behavior using a
technique whose speed of computation scales well with the size of the market. The tech-
nique was originally developed to train restricted Boltzmann machines, a prominent class
of neural networks pioneered by Geoffrey Hinton in his Nobel Prize-winning work.

The portal into neural networks that our equilibrium notion affords transcends two-
sided markets. Once one introduces congestion into two-sided markets by complement-
ing across-side externalities with same-side externalities, the market is effectively no longer
two-sided. Every agent may affect every other agent. A universe of applications opens
up. For example, in an R&D game, every inventor competes with or complements ev-
ery other inventor, which he takes into consideration when deciding whether to enter the
R&D race. Under our equilibrium notion, binary-action games like these map into unre-
stricted Boltzmann machines. Our estimation technique carries over and remains consis-
tent. Its speed may no longer scale with the size of the market, though.

We shape our two-sided market narrative around the problem of a startup that launches
a novel platform. First, the startup must learn the demand for the platform’s services by
learning the model’s parameters, which is done by observing agents’ repeated decisions
about whether to log into the platform. In order to motivate the value of this learning, we

assume that later the startup must compute prices to maximize welfare or revenue. Be-



Figure 1: Payoff parameters in a two-sided market. The two rows of nodes are the two
sides of the market. An edge connects every agent i on side 1 to every agent j on side 2,
with the weight W;; (which can be positive, negative, or zero) corresponding to the inter-
action benefit for each member of the participating pair. There are no interaction benefits
for agents on the same side of the market. Agents’ standalone benefits from participation,
by; or by, label the nodes.

cause network effects are heterogeneous, both tasks present tractability challenges, even
from the numerical perspective, as we show. We tackle the first task by proposing a
numerically tractable estimator of the model’s parameters; this is the paper’s main con-
tribution. We tackle the second task in a special case.

Formally, our model of the two-sided market extends the classic all-to-all matching
model of Armstrong (2006) by introducing heterogeneous network effects. With prices
tixed, our model is a coordination game in which n; agents on side 1 and n, agents on
side 2 of the market take a binary decision about whether to show up on the platform. The
profile of these participation decisions is denoted by the vector x = (x1,x2) € {0,1}"" X
{0,1}™. If agents i on side 1 and j on side 2 both participate (i.e., if x;; = xp; = 1), then
each of them enjoys the same bilateral interaction benefit W,
ative, or zero. (We shall later partially relax the symmetry assumption W;; = Wj;.) The

which can be positive, neg-

matrix of interaction benefits—network effects—is denoted by W € R"1*"2, Regardless
of others’ participation decisions, each agent i on side 1 of the market enjoys a standalone
benefit by; from participation whenever he chooses to participate (i.e., whenever x;; = 1).
This benefit, too, can be positive, negative, or zero. We define sz analogously and col-
lect side-1 and side-2 standalone benefits into the vector b = (by,by) € R™ x R". The
bipartite graph in Figure 1 organizes the model parameters. Matching is all-to-all: all
participating agents on one side of the market benefit from interacting with all participat-

ing agents on the other side of the market. The all-to-all assumption can be interpreted



either literally (as above) or as a reduced form for the stochastic many-to-many matching
whereby every pair of participating agents on the opposite sides are matched with some
tixed probability that is independent of the number of agents in the market.

Our equilibrium concept is the stochastic best-response equilibrium (sBRE) defined
as the limit of agents’ “noisy” best-response dynamics in participation decisions (Blume,
1993; Kandori, Mailath and Rob, 1993; Young, 1993; Mele, 2017). The dynamics has a ran-
domly called-upon agent myopically best respond to others’ last-period participation de-
cisions as his standalone value from participation is subjected to an idiosyncratic shock.
Because the induced Markov chain is finite and irreducible (i.e., it is possible to transi-
tion from any participation profile to any other participation profile), it admits a unique
stationary distribution; that is, SBRE exists and is unique. Because the Markov chain
is aperiodic (i.e., it does not cycle deterministically), this sBRE is reached from any ini-
tial participation profile. At the sBRE, two agents’ participation decisions are correlated
conditional on others’ participation decisions if and only if these two agents experience
a nonzero benefit from interaction. The sign of the benefit corresponds to the sign of
the correlation. Under appropriate assumptions on the probability distribution of the
idiosyncratic shocks (parametrized by a positive ¢), the equilibrium probability of a par-
ticipation profile x is the logit distribution (Proposition 1):

exp (}7 (bTx+ xlTsz)>

P (x | W,b) = T :
Lyetony oxp (3 (bTy+y{ Wy2))

(1)

The startup’s first task would be to figure out how to learn the model parameters
(W,b) in a tractable manner by observing a sequence of agents’ participation profiles,
assumed to be drawn i.i.d. from the sBRE distribution. For example, an ideal data set
may come from a dating platform that matches men and women and comprise the on-
line—offline status of every subscriber at fifteen-minute intervals. If the data reveal, say,
that college students log in on weekday nights, and young professionals do so on week-
end mornings, then the startup may conclude that individuals benefit from matching
with similar others. The assumption that the draws from the sBRE are independent is not
essential for the consistency of the estimation method that we advocate (Levine, 1983).

One’s first instinct might be to reach for maximume-likelihood estimates for (W, b):
to assemble the probabilities given by (1) into a likelihood function and then maximize
this function by gradient ascent. This approach runs into combinatorial explosion: How
can one tractably evaluate (1) when the sum in the denominator has 2”112 terms, a
formidable number even for moderate values of n1 + 1 (e.g., 230 ~ 1,000, 000, 000)? And



if one cannot evaluate (1) even once, how can one hope to do so over and over again so
as to numerically maximize the likelihood?

The second task in the startup’s decision problem, that of optimal pricing, would ap-
pear to be similarly intractable. Even the problem of evaluating—let alone maximiz-
ing—expected welfare or expected revenue runs into combinatorial explosion. For in-

stance, in order to compute the expected welfare,

Y (probability of x given prices) x (welfare at x),
xe{0,1)1+m

one must add up the sum’s 21" terms, each of which contains 2”72 terms more in
the denominator of the expression for (probability of x given prices). This expression is
derived from (1): for any matrix P € IR"1*"2 of pair-specific interaction prices, and for any
vector p € R" 2 of individualized participation prices, (probability of x given prices) =
P(x| W—P,b—p).

May the startup give up? After all, models of two-sided markets in the tradition of
Armstrong (2006), with homogeneous network effects, do not suffer from the combina-
torial explosion. What happens if the startup willfully neglects heterogeneity and prices
under the misspecified model that assumes homogeneous network effects? Betting on
the misspecified model may cost dearly. We show that, under the misspecified model,
not only will the startup’s inference about the model parameters be wrong, but also the
realized revenue, induced by misguided pricing decisions, may be an arbitrarily small
fraction of the optimal revenue (Proposition 5). The startup has no choice but to tackle
the model with heterogeneous network effects head-on.

Help arrives from an unexpected place. It turns out that the sBRE distribution over
x = (x1,x2) in (1) is known in machine learning by the name “restricted Boltzmann ma-
chine (RBM)” (Ackley, Hinton and Sejnowski, 1985; Smolensky, 1986). Here, “Boltzmann”
is another way of saying logit. “Restricted” means that any two components of a vector
x1 are statistically independent conditional on the values of x,; mutatis mutandis for any
two components of x;. “Machine” is an honorific that indicates that the probability distri-
bution in (1) has a plethora of uses in machine learning. Indeed, an RBM can recommend
movies (Salakhutdinov, Mnih and Hinton, 2007), recognize images (Larochelle and Ben-
gio, 2008), and discover drugs (Wang and Zeng, 2013).

In machine learning, RBMs are trained. To train an RBM means to fit the values of
(W, b) that make the probability distribution in (1) resemble the empirical distribution
of the data. Contrastive divergence (CD)—proposed, again, by Hinton (2002)—is the
leading algorithm for training RBMs. A seemingly unprincipled corruption of likelihood



maximization by gradient ascent, CD circumvents combinatorial explosion and is respon-
sible for the resurgence of machine learning in the early 2000s. While a good training al-
gorithm ensures soon enough that the trained distribution fits the empirical distribution
closely enough, it is not usually tasked with uncovering underlying parameter values.
In fact, the underlying parameter values are of little interest in machine learning because
RBM is not a structural model of anything; its parameters admit no interpretation. Not so
in economics.

The startup must know the underlying parameters (W, b) in order to price well. There-
fore, to be of use, CD must estimate (W, b) consistently. CD’s consistency has received
attention from statisticians, on whose results we rely. We show that Jiang, Wu, Jin and
Wong’s (2018) theorem for the consistency of CD applies in the context of our two-sided
market model (Proposition 2). The model’s special feature that makes Jiang, Wu, Jin and
Wong’s results applicable is the assumption that the startup observes participation de-
cisions by agents on both sides of the market. That is, the entire vector x = (xy,xp) is
observed. By contrast, most applications of RBMs in machine learning assume that, say,
only x; is observed, whereas x; is hidden and must be imputed.

While consistency is a theorem, CD’s numerical tractability is an empirical fact sup-
ported by over two decades of successful training of neural networks and by the simula-
tions we report later in the paper.

Nothing we know about the theory and practice of RBMs helps us tackle the combi-
natorial explosion in the pricing problem. Therefore, to illustrate the value of learning
(W, b), we focus on the pricing problem’s special case in which the noise in agents’ best
responses is “small.” This restrictive case has been the focus of the pricing literature up to
now. We construct a class of pricing schemes each of which achieves the first-best utilitar-
ian welfare (Proposition 4). One of these schemes maximizes revenue by fully extracting
the first-best welfare (Proposition 6). A startup may maximize welfare early on, to grow
its customer base, and switch to myopic revenue maximization only later. Without cor-
rective pricing, equilibrium welfare can be an arbitrarily small fraction of the first-best
welfare (Proposition 3).

While we focus on two-sided markets, our estimation and pricing results continue
to apply to a class of three-sided, four-sided, etc., markets—as well as to certain cases
of competing markets—that are special cases of a two-sided market, as will be explained.
For instance, a three-sided market comprised of dealers who mediate between buyers and
sellers is the case of a two-sided market. So is a pair of two-sided markets (e.g., Uber and
Lyft) that compete for participants on one of the sides (e.g., drivers), while participants
on the other side (riders) are assumed to be mostly locked into either platform. Finally,



the two-sided nature of the market can be entirely dispensed with in order to unlock a
myriad of new applications, such as R&D games.

Related Literature

Below we highlight three broad strands of related literature: on discovering shared com-
mon structure of economic and machine-learning problems, on two-sided markets, and
on parameter identification and estimation on networks. Further relevant papers are dis-
cussed as the story develops.

Igami (2020) and Samuelson and Steiner (2023) have pioneered the literature that rec-
ognizes economic structures in seemingly unrelated machine-learning models. Igami
(2020) observes that machine-learning algorithms behind the Deep Blue expert system for
chess, the Bonanza engine for shogi (Japanese chess), and the AlphaGo system for Go are
related to estimation techniques for dynamic structural models. Samuelson and Steiner
(2023) study an economic growth-maximizing policy and relate it to the problem of pre-
dictive coding in machine learning. Analogies between problems in asset pricing and
machine-learning have been established by Avramov, Cheng and Metzker (2023), Chen,
Pelger and Zhu (2024), and Su, Tretyakov and Newton (2025). We likewise discover a
novel connection: between an equilibrium outcome in an economic model and activation
patterns in a canonical neural network. This discovery opens up possibilities for repur-
posing machine-learning results for economic use and extends beyond two-sided markets
to binary-action games.

Our paper draws inspiration from Chan’s (2021) incisive observation that a two-sided
market with homogeneous network effects is a potential game. (A potential game is
strategically equivalent to a common-interest game in which each player’s payoff is rep-
resented by a function, shared by all players, whose different arguments are controlled
by different players.) We notice that Chan’s potential function coincides with the neg-
ative of the “energy function” in a corresponding restricted Boltzmann machine. From
here, we conjecture and verify that a model of two-sided markets with heterogeneous
network effects, too, admits a potential, and that this potential coincides with the energy
function of a restricted Boltzmann machine. Our equilibrium concept, sBRE, is a proba-
bility distribution over participation profiles and has Chan’s potential-maximizing Nash
equilibrium as its modal outcome. The applicability of sBRE extends beyond two-sided
markets and illustrates Babichenko and Tamuz’s (2016, Proposition 4.6) observation that
every graphical potential game corresponds to some Markov random field.

Empirical work on two-sided markets with heterogeneous effects has been reduced-

form. Farronato, Fong and Fradkin (2024) formulate a simple theoretical model in order
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to point out the countervailing effects that merging two platforms has on welfare. A
merger enables participants to gain from interacting with a greater number of counter-
parties, but, because network effects are heterogeneous, participants suffer from losing
the ability to choose who to interact with by choosing which of the two distinct platforms
to join. Instead of estimating the model structurally, Farronato, Fong and Fradkin esti-
mate the effects of the merger via a reduced-form, difference-in-differences approach. By
contrast, our model imposes little structure on heterogeneity and lends itself to numeri-
cally tractable structural estimation.

Mele’s (2017) seminal work is concerned with parameter identification and estimation
in a setting related to, but distinct from, ours. He identifies model parameters off a single
observation of a large dense network when agents engage in stochastic best-response
dynamics. Mele’s estimation technique of choice is Markov Chain Monte Carlo (MCMC).
We, by contrast, identify model parameters off repeated observations of the same network
and advocate contrastive divergence (CD). For large binary-action games, as an empirical
matter, MCMC is prohibitively slow, whereas CD is fast in the special case of two-sided

markets.

2 The Model

Conforming with Armstrong’s (2006) workhorse model, our market has two sides, with
ny agents on side 1, ny agents on side 2, and n = n; + ny agents in total. Each agent on
side 1 takes the binary decision xq; € {0,1} whether to join the platform, with x;; = 1
corresponding to joining and x3; = 0 corresponding to not joining. Let x; = (xy;)1}; €

{0,1}™ denote the vector of participation decisions for side 1, let x, = (xzj)?z L €1{0,1}™

denote the corresponding vector for side 2, and let x = (x,x2) € {0,1}" denote the vector
that is the entire participation profile.

Agent i on side 1 enjoys the standalone value by; € R from participation, which can
be positive, negative, or zero. Let by = (by;)!"}; denote the vector of standalone values for
side 1. Define b, = (sz);li | analogously. If agents i and j on sides 1 and 2, respectively,
both participate, then, in addition to the standalone value, each of them enjoys the same
interaction value Wij € R, which can be positive, negative, or zero. (As we discuss shortly
and then in Appendix A.6, the assumption that a pair of agents split the bilateral surplus
from interaction equally can be relaxed.) Let W = (Wi]')z./]. denote the nq x np matrix of
interaction effects. The vector of interaction effects faced by agent i on side 1 is denoted

by Wie = (Wij)?i 1 The vector of interaction effects faced by agent j on side 2 is denoted

by W.j = (Wl]):il



Fix a participation profile x. The payoffs of an agent i on side 1 and an agent j on side 2
are, respectively,

X1i <b1i + WIX2> and x2]' <b2] + W;';-X1> ,

where “T” denotes transpose. From each agent’s perspective, the maximization of his
payoff with respect to his participation decision is equivalent to the maximization of the
function b " x + x{ Wx, with respect to the same decision. Games that admit such a func-
tion are called potential games, and the common maximand is called the potential (Mon-
derer and Shapley, 1996).

Discussion of the Model’s Assumptions

The matching all-to-all protocol implicit in the definition of payoffs is degenerate: every-
one on one side of the market matches to everyone on the other side. Or such is the literal
interpretation of the model. Equivalently, one can interpret the parameter W;; as the ex-
pected benefit from the bilateral interaction that occurs with some probability whenever
both i and j participate. This interaction probability can depend on the underlying ben-
efit from interaction, so that, say, the pairs that value interaction more are more likely
to match. What is ruled out is the dependence of this probability and of the underlying
benefit on who else shows up. Formally, W does not depend on x.

The assumption that agent i enjoys interacting with agent j exactly as much as j enjoys
interacting with i is restrictive. The assumption describes situations in which fairness,
legal norms, or equal bargaining powers dictate that the total surplus from the bilateral
interaction, denoted by 2W;;, be split equally, with each agent getting W;;. It is straight-
forward to extend the model by assuming that all side-1 agents capture, say, 30% of the
bilateral surplus, and side-2 agents capture the remaining 70%. The cost of accommodat-
ing this extension is only additional notation. A further extension that would allow the
benefits from interaction to differ both within and across pairs in arbitrary ways cannot
be analyzed using the tools of this paper.

3 Equilibrium

Our equilibrium concept is the stochastic best-response equilibrium (sBRE). It is de-
tined as the limit distribution of stochastic best-response dynamics, in which randomly
selected agents myopically update their strategies given other agents’ actions (Blume,
1993; Kandori, Mailath and Rob, 1993; Young, 1993; Mele, 2017). The dynamics plays out
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in discrete steps, indexed by s. The dynamics is assembled from three components: an
initial participation profile x°) € {0,1}", an action revision protocol that specifies which
agents are called upon to revise their actions and when, and a stochastic best-response
rule according to which the called-upon agent or agents revise their actions.

The first component—the initial participation profile x/% —will not affect the limit dis-
tribution.

Any revision protocol in a certain class will lead to the same limit distribution. This
class of protocols is embedded in the equilibrium definition presented shortly (Defini-
tion 1) and includes two prominent members: random scanning and blocked sampling.
Random scanning selects an agent uniformly at random and asks him to revise his ac-
tion. Random scanning is applicable to a large class of models. Blocked sampling first
selects all agents on either side of the market to simultaneously revise their actions, and
then selects all agents on the other side to do so. Blocked sampling relies on the market’s
bipartite structure.

At each step s € {1,2,...} of the stochastic best-response dynamics, every called-
upon agent i on side 1 of the market draws a standard logistic random variable 8[151.] that
is independent of all past draws and of other agents’ contemporaneous draws (if any).

He then stochastically best responds to side 2’s past actions xgsfu by revising his binary
participation decision xgsi] according to

. [s—1] [s]
xgsl] _ 1 if bli + Wlxz -+ 0'81i >0 , (2)
0 otherwise

where ¢ is a positive scalar, which, in contrast to Kandori, Mailath and Rob (1993) and
Young (1993), we do not insist on sending to zero. Every called-upon agent j on side 2
best responds analogously:

5] 1 if sz —{—W]—].xgsfl] +0-€[25]] >0

£ 0 otherwise
We interpret the epsilon-induced stochasticity in best responses as mistakes. The alter-
native interpretation of the epsilons (SESIJ and 8[25 ]]) in (2) as shocks to utility is compatible
with our analysis of identification and estimation but is incompatible with our foray into
pricing later in the paper.

We can now assemble the parts.
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Definition 1. A stochastic best-response equilibrium (sBRE) is the stationary probabil-
ity distribution of the Markov chain in agents’ participation decisions induced by the
stochastic best-response dynamics at whose every step,

e an irreducible (but possibly periodic) two-state Markov chain selects a side of the

market;

* on the selected side of the market, a subset of agents are chosen according to some
fixed (for that side of the market) probability distribution that chooses every agent
with a positive probability;

¢ each chosen agent stochastically best-responds to others” past actions.

The action revision protocol in Definition 1 is the aforementioned random scanning if,
at each step, side 1 is selected with the probability 77 /1, and side 2 is selected with the
complementary probability 1, /71, and then one of the agents on the selected side is chosen
uniformly at random. The protocol is the aforementioned blocked sampling if side 1 is
selected at odd steps, and side 2 is selected at even steps, and all agents on the selected
side are chosen. Definition 1 accommodates much more general revision protocols than
these two, though. It admits persistence and arbitrary imbalance in selecting the side of
the market that gets to revise, and it permits different agents to be chosen with different

probabilities and in a correlated manner.

Proposition 1 (Equilibrium Characterization). The stochastic best-response equilibrium exists,

is unique, and, to each participation profile x, assigns the probability

exp (}T (b"x+ xlTsz)>

Lye{o1)" ©XP (%r (bTy+ Y1TWY2)>

P(x|W,b) = 3)

It is known that the logit distribution in (3) is the unique stationary distribution under
random scanning and best-response dynamics in potential games, such as ours (see, e.g.,
Blume, 1993, and Mele, 2017). Proposition 1 asserts that the same remains true under a
great variety of revision protocols. Although we believe that a version of Proposition 1
should be known, we have not found a reference to the proof, and, therefore, provide one
in Appendix A.1.

Proposition 1 admits an asymptotic analogue under weaker observability assump-
tions, which do not require—implausibly in large markets—that each player observe
what everyone else does. Remark 1 formalizes this analogue by assuming that, in an

economy of n agents, each agent observes a random sample of k others, drawn uniformly
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at random at each step. For each market size, the stationary distribution induced by
sampled interactions approaches the distribution in (3) for that same market. The re-
mark’s conclusion relies on substantive asymptotic restrictions: the subsample cannot be

0.51

too small (k o< n”~* would work), and network effects do not swamp the stochasticity in

agents’ choices.

Remark 1. Suppose that, as n — oo, the components of b are bounded uniformly, Wij] is
bounded uniformly by W/ (n — 1) forsome W < 4c, and v/n/k — 0. Then, as n — oo, the
stationary distribution of participation profiles under sampled observation and random
scanning becomes arbitrarily close to the sBRE distribution in (3) for the corresponding
n-agent market.

Stochastic Best-Response Equilibrium in Context

sBRE’s four critical features will enable us to quickly learn model parameters by observ-

ing i.i.d. draws from the equilibrium probability distribution of participation profiles:

* The participation decisions of interacting agents are correlated, and more so for the
agents who benefit from interacting more. The strength of this correlation reveals

the magnitude of network effects.

* The equilibrium distribution has full support; that is, all participation profiles are
possible. As a result, the data are capable of exhibiting rich enough correlation
structures to identify all network effects.

* The equilibrium is unique. Uniqueness delivers point identification of model pa-

rameters.

* The probability distribution of participation profiles is logit. This functional form

lends the model tractability, which is crucial for fast estimation.

Each of these features can be motivated by some alternative equilibrium concepts and is
inconsistent with some others. We shall now place sBRE in context of these alternatives.
The Venn diagram in Figure 2 is a roadmap for the discussion.

The best-response dynamics that undergirds sBRE effectively enables agents to spy
on each other’s actions before choosing their own actions. Spying begets correlation.
This correlation is stronger when the benefit from the bilateral interaction is larger and,
so, is likelier to swamp the random trembles—the epsilons—in best responses. An al-
ternative way to operationalize spying is Denti’s (2023) rational inattention equilibrium

(RIE) (which Denti calls “equilibrium strongly robust to information acquisition”). At
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Figure 2: Stochastic Best-Response Equilibrium in Context: the Venn Diagram. sBRE =
stochastic best-response equilibrium, RIE = rational inattention equilibrium, QRE = quan-
tile response equilibrium with independent mistakes, QRE® = quantile response equilib-
rium with correlated mistakes, BNE = Bayes—Nash equilibrium with independent payoff
shocks, BNE® = Bayes—Nash equilibrium with correlated payoff shocks, CE = correlated
equilibrium, RM = regret minimization, PNE = potential-maximizing Nash equilibrium,

FP = fictitious play.
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an RIE, agents simultaneously acquire noisy signals about others” equilibrium actions in
a fixed-point manner reminiscent of the rational expectations equilibrium with private
information a la Grossman and Stiglitz (1980) (Hebert and La’O, 2023). Compared to
sBRE, RIE suffers from two limitations: the multiplicity of RIEs hampers point identifica-
tion, and RIE’s inability to deliver the especially tractable functional form in (3) hampers
estimation. Even when the cost of information acquisition is entropic, the equilibrium
distribution—biased logit—lacks the supreme tractability of (3).

Correlation in participation decisions can be alternatively generated by replacing spy-
ing with a randomization device and a mediator, thereby invoking the correlated equilib-
rium (CE). CE shares in RIE’s problems, though, and has more. CEs are multiple. Some
CEs exhibit no correlation in participation decisions. Among those that do, none may
conform with the logit functional form in (3).

Related to CE is Hart and Mas-Colell’s (2000) regret-minimization (RM) protocol. The
protocol differs from the best-response dynamics that motivates sBRE and always con-
verges to a CE.

The existence of aforementioned alternatives (along with some other alternatives we
discuss shortly) suggests that sBRE’s core feature—the correlation in participation deci-
sions—is not fragile. It can emerge for a variety of reasons. Some common equilibrium
concepts do resist correlation, though. In order to circumscribe the model’s scope, we
briefly discuss these concepts.

Just like sBRE, McKelvey and Palfrey’s (1995) quantile-response equilibrium (QRE)
assumes that agents make mistakes. As long as QRE maintains sBRE’s assumption that
these mistakes are statistically independent, it rules out correlation in agents” participa-
tion decisions. At QRE, agents best respond to the equilibrium probability distribution
of others” actions rather than to the actions themselves. There is no mechanism to cor-
relate actions. Such a mechanism can be introduced, however, by correlating mistakes.
Let QRES denote QRE with correlated mistakes. A joint probability distribution over
all agents” mistakes can be manufactured to make QRE®’s probability distribution over
participation profiles match the sBRE (or any other probability distribution; see Haile,
Hortacsu and Kosenok 2008, Theorem 1). Neither QRE nor QRE® need be unique. Full
support, by contrast, arises naturally when mistakes are unbounded.

In our setting, the Bayes—Nash equilibrium (BNE) is formally equivalent to QRE if
one interprets the stochasticity in agents” actions as arising from payoff shocks rather
than mistakes. As a result, BNE, too, rules out correlation in agents” actions unless one

assumes that payoff shocks are correlated.
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The Nash equilibrium (NE) would seem a natural solution concept, but it predicts
both too little and too much. NE predicts too little because platform participation is a
coordination game, plagued by the multiplicity of NEs. The multiplicity problem admits
a compelling solution, though. In two-sided market settings, Chan (2021) proposes to se-
lect the NE with the maximal potential. This refinement, denoted by PNE, is compelling
because it is robust to the introduction of small amounts of incomplete information (Ka-
jii and Morris, 1997; Ui, 2001). PNE is related to sBRE in that it is both sBRE’s modal
prediction and sBRE’s limit as ¢ — 0. NE predicts too much because it violates full sup-
port by assigning probability zero to most participation profiles, thereby forcing one to
focus on the applications in which the data are not rich enough to identify model param-
eters. PNE shares in this shortcoming and bequeaths it upon fictitious play (FP), a type of
best-response dynamics that converges to the (generically unique) PNE (Monderer and
Shapley, 1996).

QRE® and BNE® each possess some of sBRE’s critical features: correlation, full support,
and the logit distribution. Even so, we favor sBRE. While QRE® and BNE€ directly assume
how the joint probability distribution over agents” mistakes or payoff shocks depends
on the model parameters, sBRE treats mistakes as independent and instead derives the

statistical dependence of agents’ participation decisions from payoffs in an intuitive way.

4 Restricted Boltzmann Machines: An Interlude

Conceived by Smolensky (1986), the restricted Boltzmann machine (RBM) is a parame-
terized probability distribution of vectors x = (x1,x;) with values in {0,1}". The distri-
bution’s dependence structure is represented by a complete undirected bipartite graph.
With its every node, we associate a binary random variable. Any two nodes on differ-
ent sides of the graph—in different layers of the “neural net” the graph represents—are
connected by an edge, meaning that the corresponding random variables are statistically
dependent conditional on the values of the remaining variables. Any two nodes in the
same layer are not connected by an edge, meaning that the corresponding random vari-
ables are statistically independent conditional on the values of the remaining variables.
The strength of statistical dependence is not pinned down by the graph itself and must
be assumed separately. RBM assumes that x is distributed according to the distribution
in (3), where W and b are arbitrary parameters. That is, a probability distribution can be
generated by some RBM if and only if it is the sSBRE of some two-sided market.

In the context of machine learning, RBM is classified as a neural network. It strikes a

balance between tractability and expressiveness. Early on, RBM proved successful at rec-
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ognizing handwritten characters and recommending movies, among other tasks. Later
on, RBM became a building block of more complex neural networks called deep Boltz-
mann machines (more on these later).

To accomplish a task, first, RBM must be trained. In most applications, only one layer
of the RBM maps directly into data. This layer is said to be visible. For example, if the
task at hand is to recommend movies based on past user experience, then the visible
layer comprises each user’s preferences over movies: thumbs up or thumbs down for
every movie. If the task is to recognize handwritten characters, then the visible layer
lines up the pixels in the black-and-white pixelation of a handwritten character (on or off
for each pixel) and the corresponding correct answers (for each handwritten character,
whether it is 1, 2, or 3, etc.). In both applications, the other, hidden, layer comprises the
latent variables whose sole purpose is to introduce a rich enough dependence structure
among the visible variables. These latent variables do not directly correspond to anything
observed in the data. The values of these variables are imputed in the course of training.
Their interpretations are open-ended. In the movie-recommendation application, latent
variables may correspond to genres and actors. In the character-recognition application,
latent variables may correspond to strokes shared by multiple characters.

Training an RBM consists in choosing the underlying parameters (W, b) in such a way
that the fitted distribution of the visible variables x; generated by the RBM is close to the
empirical distribution of x; in the training data set. Training an RBM is analogous to
estimating the parameters of a two-sided market when data are generated by sBRE with

two exceptions:

1. In RBMs, only one layer is typically visible, whereas in two-sided markets, partici-
pation on both sides of the market is visible.

2. The goal of training RBMs is to fit the data, whereas the goal of estimating parame-
ters of a two-sided market is to estimate the true parameter values of the underlying

structural model.

The distinction between fit and estimation matters for the startup’s second task: pricing.
While a good fit helps predict agent participation at the prices at which the model has
been trained, to price well, the startup must be able predict agent participation in a variety
of counterfactual scenarios. Positive prices discourage participation, negative prices (i.e.,
subsidies) encourage it, and to predict the exact magnitude of these forces, one must
know the underlying model parameters.
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5 Learning the Two-Sided Market Parameters

The startup has access to T i.i.d. draws from the sBRE. These draws comprise the dataset,
denoted by (x (t) )thl. We assume that these data are generated while the startup does not

charge any prices. This assumption is inconsequential and is made to conserve notation.

5.1 Likelihood Maximization

We henceforth assume that the scale-of-noise parameter ¢ is known and focus on identi-
fying the remaining model parameters (W, b). If the ultimate goal is to predict behavior,
then the choice of ¢ is mere normalization of the units in which the components of (W, b)
are measured. If the ultimate goal is to price optimally, then (W, b) must be compared
to prices and, so, must be measured in dollars. In practical applications, to pin down the
units, one can use the following stand-alone trick: Modify the two-sided market so that
whenever, say, Alice and Bob both show up, instead of letting them interact, the platform
tells them to stay away from each other and instead pays each of them a dollar. As a
result, by construction, Wj;ce gop = $1. The estimates for (W, b) assuming an arbitrary o
are then scaled to respect W4, oy = $1; the scaling factor reveals the underlying o

We henceforth maintain the technical assumption that the true parameter values (W, b)
are confined to the interior of a certain compact and convex set, no matter how large.

Lemma 1 exhibits an estimator that is consistent in the sense of converging in prob-
ability to the true parameters (W, b) as the sample size T grows. As a result, the model

parameters are identified.

Lemma 1. The maximum-likelihood estimator

<WML, bML> = arg max L= Z loglP

21
c‘z

(4)
with P defined in (3) is consistent for (W, b).

Proof. Consistency follows from the strict concavity of the log-likelihood function L. Strict
concavity follows from Proposition 3.1 of Wainwright and Jordan (2008, p. 62) because
sBRE is a member of the minimal exponential family. |

The maximum likelihood estimator in Lemma 1 achieves identification by matching
moments. Roughly speaking, Alice’s standalone value from participation is identified
off her empirical frequency of participation, and her benefit from interacting with Bob is
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identified off the empirical correlation between the pair’s participation decisions. For-
mally, this logic is captured by the first-order conditions evaluated at the maximum-
likelihood (ML) estimates (WML, bML):

T
Y P (y | WMEBM) = 1 x (0

ye{o1}" t=1
T ML 1, ML 1 ! T
> Y1Y21P<Y|W /b )Zszl(t)xz(t) : (5)
ye{o1}" t=1

The left-hand sides in (5) are the moments of the estimated distribution and the right-
hand sides are the corresponding moments in the data. Even though, in general, moment
equality need not deliver identification (Heyde, 1963), in our model it does, by Lemma 1.
System (5) admits no explicit solution.

Conceptually, our model is identified because, from each agent’s perspective, his coun-
terparties’ realized last-period actions are by assumption predetermined relative to his
current-period private shock and act as “exogenous shifters.” The exogenous variation in
others’ last-period actions moves the agent’s best response and point-identifies the cor-
responding network effect. No such identification would have been possible under the
Bayes—Nash equilibrium, under which moves are simultaneous, and the reflection prob-

lem prevents point identification (Manski, 1993).

5.2 Contrastive Divergence

Likelihood maximization presents computational challenges. The likelihood function
suffers from combinatorial explosion: in equation (3), the 2" terms in the denominator
Yyefo1}" €Xp (}7 (b'y+y, Wyz)) are too many to compute even for moderate values of
n. That is, computing the likelihood function—let alone maximizing it—is a numerically
intractable task.

Contrastive divergence (CD) is a bastardization of likelihood maximization by gradi-
ent ascent. Its questionable pedigree notwithstanding, it turns out to be consistent (in the
sense made precise below).

In order to introduce CD, let us start with gradient ascent for likelihood maximization.
The gradient with respect to b evaluated at step k of gradient ascent with (W[k},b[k]>
being the current guess for parameter values is:

1 T
VLM = T Yx(H)— ), yP (y | W[k],b[k]> . (6)
t=1 ye{01}"
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The gradient with respect to W can be analyzed analogously. In (6), the first sum involves
only data and is easy to compute. The second sum contains the intractable number 2"
of terms, each of which contains the intractable function IP (y | W[k],b[k]>. This combi-
natorial explosion is due to the heterogeneity of network effects. When network effects
are homogeneous (i.e., when all entries of W are the same), both the expression for the
equilibrium probability IP in (3) and the sum in the gradient (6) simplify, and the number
of terms in the sums drops from 2" down to O (n?).

Towards making progress on gradient ascent, note that the intractable sum in (6) is an

expectation. We can approximate this expectation with the tractable sum:

v, LI

HI*—‘

T
g Z x(*) (1), 7)

where each x(®) (t) is ideally an i.i.d. draw from the distribution IP < | Wi, b[k]> whose

unknown expectation we seek to approximate. We manufacture each draw x(®) (¢) by
starting out at the ¢-th data point x (#) and then evolve it via a sequence of m stochas-
tic best-response steps under the assumption that the model parameters are (W[k], bk ) ,

to arrive at a limit x(") (t). Each best-response step may be a random-scanning step or
a sampling step, as defined in Section 3. By Proposition 1, as the number of stochastic
best-response steps m goes to infinity, stochastic best-response dynamics culminates in
an x(") (t) that converges in distribution to x(**), a draw from P ( | W[k},b[k]) Then,

the average % ", x(") (t) of the T draws so obtained approximates the sought expectation
Yy ¥P (y | W, b’). In statistics, the described best-response dynamics until convergence
in distribution goes by the name MCMC, or Markov chain Monte Carlo. Because conver-
gence is in distribution only, the approximate gradient on the right-hand side of (7) is a
random variable.

The problem with running MCMC for a “large” number m of steps at every iteration k
of gradient ascent is that the process is impractically slow. This slowness is an empir-
ical fact. Of course, one can speed up MCMC by taking m to be “small” (e.g., m = 5
or even m = 1), but then convergence to a random draw from P ( | W[k],b[k]> will no
longer occur. This unprincipled act of despair—taking m to be “small”—has a name. It
is called contrastive divergence (CD). While the moniker itself is whimsical, its existence
is hopeful: someone must have found the unprincipled approach that invalidates the ap-
proximate equality in (7) to “work.” And work it does, in a sense that we now make
precise.
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Let CD-m denote contrastive divergence whose every chain of stochastic best-response
dynamics described above is terminated after just m steps. CD-m amounts to “nongradi-
ent” ascent whereby, at every iteration k, instead of climbing the likelihood function by
following the computationally intractable gradient (7), we attempt to climb the likelihood
function by following the computationally tractable nongradient:

ALK = 1 i x (t) — 1 Z x(m) (1)
T = T

t=

—and its analogously defined counterpart Ay L —in full realization that A, LK % v, LK
and AwL¥ % VwLlk. Let (W[k'm}, b[k'm}> denote the value of the CD-m estimator as de-
scribed in the paragraph above after k iterations of nongradient ascent.

Proposition 2. Contrastive divergence is consistent for (W, b) in the sense that there exists a
bounded positive integer m such that, as the sample size T grows, the CD-m estimator
1 K

I}E)n 2 Y (w[k,m],b[k,m])
< k=1

converges in probability to (W, b).

The technical nature of the proof of Proposition 2 is responsible for its relegation to
Appendix A.2. Our proof relies on Jiang, Wu, Jin and Wong’s (2018) exacting study of CD
in the models in the canonical exponential family. We show that our model belongs to this
family and, therefore, CD is consistent if the assumptions in Jiang, Wu, Jin and Wong's
Theorem 2.1 can be verified. We verify these assumptions by following the roadmap in
Jiang, Wu, Jin and Wong’s example (their Section 4.2) of a fully visible RBM with n; =
npy = 1.

Even though motivated by the problem of training RBMs, Jiang, Wu, Jin and Wong’s
(2018) consistency result does not cover the vast majority of RBMs, which have a hidden

layer. Our model is covered because both sides of the market are assumed to be visible.

5.3 The Comparative Tractability of Contrastive Divergence

While CD’s consistency is a formal proposition, its numerical tractability under blocked
sampling is an empirical fact. This fact is suggested by two decades of neural-network
training, during which practitioners would brazenly set the “bounded positive integer m”
of Proposition 2 to 1 and proceed to train large RBMs fast and effectively. For instance,

Salakhutdinov, Mnih and Hinton’s (2007) Netflix recommendation system is a CD-trained
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conventional likelihood maximization is  contrastive divergence continues to con-
slow, whereas contrastive divergence is  verge. The underlying simulated data set
fast. The underlying simulated data set has T = 500,000 observations.

has T = 100, 000 observations.

RBM that contains about 10* nodes and 107 parameters. Salakhutdinov and Hinton’s
(2012) RBM is similarly sized.

CD’s numerical tractability is corroborated by our simulations, to which we now
turn. All simulations have been conducted using Google Colab Pro, a cloud-based plat-
form that provides access to high-performance computing resources. We used the GPU
(Graphics Processing Unit) accelerator NVIDIA Tesla T4, which is optimized for machine-
learning tasks. For transparency and reproducibility, our code is available in the Google
Colab notebook at this link.

In each simulation, we first draw the underlying “true” parameters (W, b) from the
multivariate standard normal distribution. We then synthesize a fictitious dataset by
drawing T participation profiles from the sBRE distribution induced by the parameters
(W, b) and 0 = 1. We then see how capable CD and likelihood maximization (ML) are of
uncovering (W, b) under the assumption that ¢ = 1 by reporting each estimate’s mean
squared error in the course of each algorithm’s execution. Here, CD stands for CD-m
with m = 1 under blocked sampling, and ML stands for likelihood maximization under
gradient ascent with each 2" "2-term sum computed using vectorization. Both CD and
ML are initialized from the same random guess (W[O}, b[o]> .

Figure 3 illustrates how much faster CD converges to (W, b) than ML does in a market
with n; = np = 11 agents on each side. The figure shows the mean squared error of
each estimator as a function of time elapsed in the simulation. Because CD is inherently
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stochastic, the corresponding curve is jagged. What converges in Proposition 2 is the
moving average of the estimates that generate this curve.

Figure 4 drops ML and focuses on the performance of CD in a larger market, with
n1 = ny = 15 agents on each side. CD continues to converge, within a “reasonable”
time frame and with “few” observations. For the remainder, let us focus on the number
of observations. What is remarkable about this market is that, while it has 2" 7" =~
1,000, 000, 000 possible participation profiles, only T = 500,000 (possibly non-distinct)
observations suffice to estimate the model parameters. We say that T = 500, 000 is “few”
because orders of magnitude more observations would have been required to deal with
the pesky denominator in (3) by using the differencing approach commonly deployed in
estimation of (smaller) discrete-choice models.

To describe the differencing approach, let x and z be two participation profiles such
that z = 0 and x is zero everywhere except at x1; = 1. Taking the difference of the loga-
rithms of the probabilities of these profiles at the sSBRE eliminates the pesky' denominator
in (3) to yield:

loglP (x | b,W) —logP (z | b,W) =b" (x — z) + x{ Wx, — z{ Wz,

whence
P(x|b,W)

P(z | b, W)

As a result, by inspection of the display above, by; can be estimated as the logarithm of

bi; = log

the ratio of the observed frequencies of x and z. To estimate by; like this with any degree
of precision, the profiles x and z—just two profiles out of the 2172 possible ones—must
be observed over and over again, thereby requiring a data set of a size T > 27", This
requirement contrasts with the simulation above, where T <« 2™+ gbservations suffice
because CD, just like ML, does not toss away any observations: every observation con-
tains information that is directly or indirectly relevant for estimating by; (as well as other
parameters).

In fact, CD is almost as parsimonious with the data as is ML, which converges at the
rate /T. Remark 2, which makes the comparison precise, follows by applying the recent
result of Glaser, Huang and Gretton (2024, Theorem 4.2) (Appendix A).

Remark 2. In our setting, the CD estimator converges in probability to the true parameters

(W, b) at a rate of at least \/T/log T.

'We thank Marcin Peski for suggesting that we make this comparison.
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6 Pricing

This section discusses optimal pricing in the special case in which o, the scale-of-noise
parameter, is “small.” This case is also the focus of the existing literature on platform
pricing. Our message is reassuring: estimation has not been in vain. The parameter
estimates can be put to use in service of welfare or revenue.

Because the benefits derived from interactions on the platform are specific to each
individual, we assume that prices, too, can be individualized. The plausibility and utility
of such prices in the context of two-sided markets is argued by de Corniere, Mantovani
and Shekhar (2025).

6.1 A Class of Pricing Schemes

We consider the most general pricing scheme that preserves the strategic structure of the
participation game. This pricing scheme has two components. The first component is a
matrix P = (P;) i

on side 2 both join the platform, each pays the amount P;;. The second component is a

€ R™*™ of interaction prices. When agent i on side 1 and agent j

vector p = (p1,p2) € R” of personalized access prices, where p; and p; are the price
vectors faced by the agents on sides 1 and 2 of the market, respectively. As a result, at
a participation profile x, agents on the sides 1 and 2 of the market end up paying their
corresponding entries in the respective payment vectors

p1+Pxo and p2 + P'x;.

The equilibrium probability of a participation profile x when prices are (P, p)isP (x | W —P,b — p),
which is the obvious adjustment of the corresponding probability (3).

6.2 Pricing for Welfare

We lead with welfare maximization, and we do so for two reasons: conceptual clarity
and realism. Conceptually, revenue maximization in our setting requires the platform to
maximize welfare before extracting it. Realistically, early in its existence, a platform wants
to maximize welfare in order to attract new customers and achieve market dominance,
all the while passing under the radar of antitrust authorities, who have traditionally been

blind to welfare-maximizing pricing (Bork, 1978).
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The Problem

The welfare maximization problem takes the form

nI}’%x ) n]P(x|W—P,b—p) (bTx+2x1Tsz), (8)
xe{0,1}
where b x + 2x] Wx; is utilitarian welfare, the sum of the platform’s revenue and the
agents’ payoffs. Utilitarian welfare counts bilateral benefits from interaction twice be-
cause they accrue twice: once to each agent in the interacting pair. The welfare does not
contain prices, which are a wash between the platform and the agents. Nor does the wel-
fare contain any epsilons that appear in the definition of stochastic best response in (2);
our interpretation is that these epsilons encode mistakes rather than utility shocks.
The problem in (8) suffers from combinatorial explosion because of 2" terms in the
sum and 2" terms inside each probability IP (x | W — P,b — p). Here, however, CD is of
no avail. And yet, we plough ahead.

The Price of Anarchy

Each agent’s participation decision imposes an externality on agents on the other side
of the market. Because no agent internalizes this externality, equilibrium is generally
inefficient in the sense of falling short of maximizing the first-best welfare, defined as

max {bTx + 2x1TWx2} .
x€{0,1}"

Proposition 3 (proved in Appendix A.3) shows that equilibrium welfare can fall short of

the first-best by quite a lot. As a result, there is a problem for pricing to solve, or at least

to mitigate.

Proposition 3 (The Price of Anarchy). With no corrective pricing (i.e., under P = 0 and
p = 0), equilibrium welfare can be an arbitrarily small fraction of the first-best welfare. In other
words, the price of anarchy—the ratio of the latter welfare to the former—is infinite.

The idea behind Proposition 3 is to conceive of economies in which network effects are
strong enough for welfare to be maximized when all participate but not strong enough
for anyone to actually want to participate. This discrepancy between welfare-maximizing
behavior and equilibrium behavior arises because participants do not internalize the ex-

ternalities.
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Welfare-Maximizing Prices when o — 0

In the special case when ¢ — 0 (the mistakes in best responses vanish), the welfare-
maximization problem in (8) admits a simple solution. This special case is interesting
because the conclusion of Proposition 3 continues to hold even when ¢ — 0, as is evident

in the proposition’s proof.
Proposition 4 (Welfare-Maximizing Prices). If P = (1 —y)Wand p = (1 - %’y) b for an
arbitrary positive vy, then equilibrium welfare converges to the first-best welfare as o — 0.

Proof. Under the prices in the proposition’s statement, expected welfare satisfies

Yrerony exp (& [bTx+2xT1Wx;]) [bTx +2x] Wxy
{o1} 20

lim = max {b'x+2x{ Wxy},
=0 Yxe{o1y" &P (55 [b"x +2x{ Wxy]) xe{0,1}" { 1 }
as desired. [

When y = 1, Proposition 4 prescribes P = 0 and p = %b, thereby cutting each agent’s
standalone value from joining in half while leaving the experienced interaction benefits
unchanged. As a result, the relative salience of interaction benefits doubles. This dou-
bling induces each agent to internalize the externality from his participation. An alter-
native way to achieve the same goal is to set v = 2 and, so, charge P = —W (Pigouvian
interaction subsidies) and p = 0 (no access fees). Which value of 1y is appropriate depends
on whether revenue is a desideratum or a liability, and on whether nonzero interaction

prices are practical.

6.3 Pricing for Revenue

Profit—here, synonymous with revenue—is the platform’s ultimate reward.

The Problem
The expected-revenue maximization problem takes the form
max Y P(x|W-Pb-p) <pTx + 2x1TPx2> , )
Pp xe{0,1}"

where p ' x + 2x/ Px; is the platform’s revenue. The revenue is the sum of the gathered
access fees p ' x and the gathered interaction fees 2x{ Px,. Each interaction fee must be

counted twice because it is collected twice, once from each member of the participating
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pair. From the perspective of revenue, it does not matter whether the epsilons in the
best-response equation (2) are interpreted as mistakes (our preferred interpretation) or as

shocks to payoffs.

The Price of Model Misspecification

Just like refraining from corrective pricing may come at a great cost to welfare (Proposi-
tion 3), the failure to account for heterogeneous network effects in learning and pricing
may come at a great cost to revenue (Proposition 5 below). Should the platform ignore
the heterogeneity of network effects, it will make wrong inferences about the underlying
model parameters and, as a result, will price incorrectly. In fact, pricing based on the mis-
specified model may be arbitrarily ruinous: the revenue may be arbitrarily low relative
to the revenue the platform would have achieved had it used the correct model.

Proposition 5 (The Price of Model Misspecification). The maximal revenue under the mis-
specified model that (wrongly) assumes homogeneous network effects can be an arbitrarily small
fraction of the optimal revenue. Moreover, the conclusion holds even if the interaction effects

are restricted to be nonnegative.

The arbitrary loss from model misspecification in Proposition 5 is the easiest to see
when interaction effects are positive for some pairs of agents and negative for others.
In this case, a platform that acknowledges heterogeneous interaction effects exploits the
observed (positive or negative) pairwise correlations in agents’ participation decisions
to correctly identify the underlying parameters. It would then price to extract some of
the surplus generated by the positive interaction effects. A misspecified platform, which
(wrongly) assumes interaction effects to be homogeneous, only looks at the correlation be-
tween the aggregate participation on one side of the market and that on the other. In the
aggregate, positive and negative pairwise correlations cancel out, and, viewed through
the lens of the misspecified model, the homogeneous interaction effects appear to be
zero. As a result, the misspecified platform does not even attempt to extract the value
of interaction effects (it believes there are none) and only charges for participation. As the
magnitude of undetected interaction effects grows, the revenue lost by the misspecified
platform grows without bound.

The “moreover” part of Proposition 5 affirms that the revenue loss from misspecifi-
cation can be arbitrarily large even if all network effects are nonnegative and, so, do not
cancel out in aggregate. To illustrate, suppose that Alice and Bob gain a positive benefit

from interacting with each other, whereas Carol and Dave gain nothing. In addition, Alice
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and Bob each incur the standalone costs from participating, whereas Carol and Dave in-
cur none. A platform that acknowledges heterogeneous interaction effects would identify
and extract some of the surplus generated by Alice and Bob’s interactions. A misspeci-
tied platform, by contrast, would underestimate the strength of Alice’s and Bob’s bilateral
benefit, which, in the correlation between men’s and women'’s aggregate participations,
will be diluted by Carol’s and Dave’s utter indifference to participants on the other side
of the market. The underestimation can be so severe that, once again, the revenue lost by
the misspecified platform can be arbitrarily large.

Proposition 5 is the raison d’étre for this paper.

Revenue-Maximizing Prices when ¢ — 0

In the special case in which ¢ — 0, the revenue-maximization problem in (9) admits a
simple solution. This special case is still interesting because the conclusion of Proposi-
tion 5 continues to hold when ¢ — 0, as can be checked by consulting the proposition’s

proof.

Proposition 6 (Revenue-Maximizing Prices). If P = (1 — /o) Wand p = (1 - %ﬁ) b,
then equilibrium revenue converges to its upper bound, the first-best welfare, as o — 0.

Proof. At the specified prices, the expected revenue satisfies

Yxeionn xp (5= [bTx+2x T Wx Tx 4 2x/ Px
e{0,1}" €XP <2\/E [ 1 2]) (p 1 Pxy) ~ max {bTx +2Xlwa2} ’
70 Zye{o,l}” exp (ﬁa [bTy + 2yT1Wy2] ) x€{0,1}

which is the first-best welfare. As ¢ — 0, the lower bound on each agent’s expected payoff
converges to zero. Therefore, the upper bound on the platform’s revenue converges to the

first-best welfare. |

Because the prices in Proposition 6 collect the first-best welfare in revenue, they must
generate the first-best welfare. Indeed, the prices correspond to the welfare-maximizing
prices of Proposition 4 with ¢ = /0.

Full extraction stands in contrast to the divide-and-conquer pricing schemes whose
optimality has been documented in the existing literature with homogeneous network
effects (Chan, 2021). These schemes extract the entire surplus from some agents (“con-
quer”) and take nothing from others (“divide”). (A typical example is access to a night

club: men pay an arm and a leg, whereas women get in free.) Our full-extraction result
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FOUR-SIDED COMPETITIVE SAME-SIDE
MARKET BOTTLENECK EXTERNALITIES

W
XA\
11
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Figure 5: Three extensions. Multi-sided markets (left) and competitive bottlenecks (cen-
ter) are formally equivalent to two-sided markets. Markets with same-side externalities
(right) are not two-sided.

relies on the feasibility of nonzero interaction prices. It does not rely on the hitherto main-
tained assumption that the value from each interaction is split equally. We go on record

with this assertion in Remark 3, made precise and proved in Appendix A.6.

Remark 3. In the model’s extension in which all agents on one side of the market system-
atically capture a higher fraction of the benefit from bilateral interaction than all agents
on the other side do, the full-extraction result in Proposition 6 continues to hold.

7 Extensions

The paper’s findings reach beyond two-sided markets. Figure 5 announces three exten-
sions, each of which we consider below in isolation. The first two require but a reinter-
pretation of the existing model.

7.1 Multi-Sided Markets

Our two-sided markets framework accommodates without modification a class of multi-

sided markets, which are markets whose participants can be partitioned into more than
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two economically distinct sides. To illustrate, consider the following instance of a four-
sided market, a professional-networking platform. It has four sides: advertisers, pro-
fessionals, recruiters, and companies. Agents on the same side do not interact. Across
sides, advertisers (side 1) interact with professionals (side 2), who interact with recruiters
(side 3), who interact with companies (side 4). In other words, the four sides are stacked:
only the groups with consecutive indices interact. Let W1, W3, and W34 denote the ma-
trices of interaction effects between groups 1 and 2, 3 and 2, and 3 and 4, respectively. Let
b denote the vector of standalone values from participation, as before. The participation

game can be verified to be a potential game with the potential

T
X W 0 %

bTX + XIW12X2 + x;)rw32x2 + X;W34X4 — bTX + 1 12 2 .
X3 W32 W34 X4

The right-hand side of the equation in the display above reveals that the four-sided mar-
ket is formally equivalent to the two-sided market that treats sides 1 and 3 as one side
and sides 2 and 4 as the other. The bidiagonal block matrix collects network effects and
corresponds to W in the two-sided market model. The described reduction to two-sided
markets holds for any number of sides in any stacked multi-sided market. This reduction
is only possible because the underlying two-sided market admits heterogeneous network
effects.

The reduction implies that all the paper’s findings extend to stacked multi-sided mar-
kets. In particular, CD is fast and consistent. The proposed pricing schemes apply.

7.2 Competitive Bottlenecks

A competitive bottleneck is Armstrong’s (2006) moniker for the situation in which two
platforms compete for participants, but only on one side of the market. Ride-sharing is a
stylized example. Uber and Lyft each operate a platform and compete for drivers, not for
riders, who are committed to a single platform. The motivating empirical evidence is that
riders mostly single-home (Chitla, Cohen, Jagabathula and Mitrofanov, 2023), whereas
half of drivers multi-home (Hong, Bauer, Lee and Granados, 2020).

A competitive bottleneck is formally equivalent to a four-sided market. The four
sides are Uber riders (side 1), Lyft riders (side 4), and the drivers each of whom is split
into two selves: the Uber-contemplating self (side 2) and the Lyft-contemplating self
(side 3). Uber riders transact with Uber-contemplating drivers, Lyft riders transact with

Lyft-contemplating drivers, and the two selves of each driver “transact” with each other.

29



The fictitious split of each driver into his Uber and Lyft selves is a modeling device that
enables each driver to choose which ride-sharing service, if any, to use while precluding
the driver from choosing both (i.e., picking up an Uber rider and a Lyft rider at the same
time). The described constraint on drivers’ choices is modeled by setting W3, = —c0 -1,
where I is the identity matrix and co - 0 = 0 by convention. The four-sided market that is

the competitive bottleneck then reduces to a two-sided market with the potential
T
T Wis 0 X2 ’
X3 —oo-1 W34 X4

The reduction to a two-sided market once again ensures that CD is fast and consis-

as one can check.

tent. Pricing for welfare is unchanged. Described pricing for revenue becomes collusive

pricing. Duopolistic pricing is an open problem.

7.3 Same-Side Externalities and General Binary-Action Games

Same-side externalities manifest when agents care about the participation decisions of
agents on both sides of the market, including the same side as their own. Same-side
externalities open up a whole new world of applications. A search model of unemploy-
ment a la Mortensen—Pissarides (Pissarides, 2000) is one: job seekers exert a congestion
externality on other job seekers, and vacancies posted by one firm exert a congestion ex-
ternality on other firms’ postings (Example 1 below). Because there is nothing two-sided
about two-sided markets with same-side externalities—anyone can exert an externality
on anyone else—another application is an R&D game: each firm’s payoff from a binary
decision about whether to participate in an R&D race is potentially affected by all other
tirms’ decisions (see Example 2 below).

The addition of same-side externalities begets a binary-action game with pair-specific
network effects. This game is determined by a matrix (O € R"*". Agent i’s standalone
values from participation, formerly denoted by by; or b,;, are now denoted by %Qii- The
network effects no longer possess the bipartite structure but remain symmetric: ();; = ();;
for all i and all j with j # i. Letting x € {0,1}" denote a participation profile, agent i’s
payoff is x; (%Qii + 2]-7&1- Qi]-xj> . The potential in the associated binary-action game can be
verified to be

Pg (x) = %XTQX. (10)

Here are two examples:
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Example 1 (Job Search). The two sides of the market comprise n; potential jobseekers
and n, potential vacancies. At a participation profile x, the number of jobseekers who
actively search (i.e., are unemployed) is denoted by U = Y_', x1;, and the number of
vacancies posted is denoted by V. = Y2, xp;. Each participating jobseeker’s payoff
isV—(U—-1)u— u for some positive same-side congestion parameter u, which, here,
also doubles as the standalone cost of job search. Each vacancy owner’s payoff is U —
(V —1)w — w for some positive same-side congestion parameter w, which, here, is also

the standalone cost of posting a vacancy. The total welfare at a match x with (U, V) is
m (U, V) =2UV — Uu — V?w.

One can interpret (some normalization of) m (U, V) as the matching function that out-
puts the total net number of matches created, with the negative number corresponding
to a “toxic” market that destroys existing matches. Whenever m (U, V) > 0, the match-
ing function has increasing returns, which is the case with some basis in both theory and
fact (Petrongolo and Pissarides, 2001). Assuming that uw < 1 (i.e., same-side external-
ities are not too strong), m (U, V) is nonnegative as long as market tightness 6 = U/V
(Pissarides, 2000) lies in a certain interval. Outside this interval, when 6 is sufficiently
low, the abundance of vacancies is associated with the poaching of workers from existing
tirms (Moscarini and Postel-Vinay, 2013; Kim, 2014); this poaching triggers further disso-
lution of complementary matches in the raided firm (the O-ring logic of Kremer, 1993),
thereby destroying the existing stock of matches: m (U, V') is negative. Conversely, when
8 is sufficiently high, the abundance of jobseekers may motivate employers to fire exist-
ing unproductive workers in hope of replacing them with productive ones (Lazear, 1995);
this replacement stalls, however, because good applications end up buried in the sea of
bad ones (Albrecht, Gautier and Vroman, 2006): m (U, V) is negative.

Example 2 (R&D Race). Each of n firms decides whether to invest in R&D. Should firms i
and j both invest, each will see its payoff change by an amount Q);;. If );; > 0, the
R&D efforts of i and j are complements (as in Goyal and Moraga-Gonzalez’s, 2001, model
of R&D); otherwise, their efforts are substitutes. Firm i’s cost of R&D is —3Q; (typi-
cally a positive number, unless R&D is financed by government grants and tax credits).
The game is a special case of the linear-quadratic game of Ballester, Calvo-Armengol and

Zenou (2006) when each action x; is binary and (2 is symmetric.

The equilibrium characterization in Proposition 1 continues to hold for general binary-
action games, provided in the definition of the sBRE (Definition 1) the revision protocol

is assumed to be random scanning, and provided the potential in (3) is replaced by (10).
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Instead of corresponding to a restricted Boltzmann machine, sSBRE now corresponds to a
fully visible, unrestricted Boltzmann machine (BM) whose energy function is the nega-
tive of the potential (10).

CD remains consistent, although it is now slower because random scanning must re-
place blocked sampling. Alternatives to CD exist. Hyvarinen (2006) advocates pseudo-
likelihood maximization, which predates and sometimes computationally outperforms
CD when estimating BMs. Other rivals of CD for BM include ratio matching (Hyvarinen,
2007), minimum probability flow (Sohl-Dickstein, Battaglino and DeWeese, 2011), and
noise-contrastive estimation (Gutmann and Hyvarinen, 2012).

The welfare- and revenue-maximizing pricing schemes in, respectively, Propositions 4
and 6 extend in obvious ways to binary-action games with pair-specific network effects.
Indeed, let P € IR"*" be a symmetric price matrix, whose interpretation parallels that of
Q): 3P, is agent i’s payment for participation regardless of whether others participate, and
each P;; withi # j is the price agents i and j each pay if both show up. The induced game
with prices has the potential %XT () — P) x. Consider the family of prices, parameterized
by a positive v, that for all i and all j # i, satisfy P; = (1 — ) Qj; and P;j = (1 — ) Q.
Then, Q;; — P; = Q) and Q) — P;j = vQ)yj, leading to the potential

1 "1
EXT (Q — P) X = % (Z Eﬂﬁxi + ZZQi]-xix]) ,
i=1

i<j

which is /2 times the total surplus. When o — 0, sBRE concentrates on the potential-
maximizing participation profile, which under the proposed pricing scheme is also the
welfare-maximizing participation profile, as in Proposition 4. Moreover, when ¢y = /0,
the corresponding revenue,
Z %Pjixi +2 Z P;jx;x;,
i i<j

converges to the total surplus as ¢ — 0, just as it does in Proposition 6.

7.4 Asymmetric Network Effects

So far, we have assumed symmetric network effects. In the notation of binary-action
game of Section 7.3, symmetry requires that ();; = (); for every agent pair (i,j). This
assumption is restrictive and can be relaxed.

To this end, augment the binary-action game () by assuming that each agent i’s benefit
from interacting with any agent j is A;();; for some known positive parameter A;. One can
interpret each A; in A = (A4,...,A,) as agent i’s bargaining power. The agent’s payoff in
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the augmented binary-action game (2, A) then becomes x; <%Qii + i L Qijx]->. This

game admits a potential:

DA (X) = % (le% + ZZx,Ql]x]> .
i ! i j#i
If we further assume that the noise that an agent experiences when best-responding is
proportional to A;, then the associated sBRE under random scanning obeys the conclusion
of Proposition 1 with the obvious modification: the equilibrium probability of a partic-
ipation profile x becomes IP (x | Q,1) = ¢®ar(¥)/e/ Yy e®01(¥)/7 Once again, sBRE is a
BM. The underlying parameter () can be estimated as in Section 7.3 with the obvious ad-
justment for A, assumed to be known. If unknown, A cannot be identified separately from
diag (Q2), by inspection of the potential in the display above. For predicting behavior, it

would not matter. For pricing, it would.

A Appendix: Omitted Proofs

A1 Proof of Proposition 1

The sequence of participation profiles generated by the stochastic best-response dynamics
in sBRE is a finite Markov chain. This chain is irreducible (every state can be reached from
every state in finitely many steps if the shocks take particular values) and aperiodic (the
system does not cycle deterministically over participation profiles). Under irreducibility
and aperiodicity, the ergodic theorem assures existence of a unique stationary distribution
that is reached from any initial participation profile. This distribution’s functional form,
in (3), is the concern for the rest of the proof.

The proof strategy is to verify that the distribution P in (3)—where we have sup-
pressed the dependence of IP on (W, b)—is stationary by verifying a sufficient condition.
In order to formulate this condition, let T (x,z) denote the probability that a single step
of best-response dynamics transforms a participation profile x into z. The detailed bal-
ance condition (Bremaud, 2020, Corollary 2.4.15, p. 92) verifies that IP is the stationary
distribution if, for all x and all z, we have

P(x)T (x,z) =P (z) T (zx). (A1)

The condition says that IP is a stationary distribution if the “outflow” of probability from

every state x to every state z reachable from x in one step of best-response dynamics
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equals the “inflow” of probability from z to x; in other words, the two flows are exactly
“balanced.”

The critical feature of any revision protocol in sBRE is that, at each step, actions on
at most one side of the market are revised. Henceforth, we focus on the step at which
actions on side 1 are (possibly) revised while actions on side 2 (definitely) remain fixed:
zy = X2. (The complementary case of side-2 revisions is analogous.)

Let u € {0,1}" represent the side-1 agents who are called upon to revise their actions
at the best-response step under consideration, with #; = 1 corresponding to agent i being
called upon, and u; = 0 corresponding to him not being called upon. Assume that u is
distributed according to some probability distribution y that is the same at every step of
best-response dynamics. Note that

P‘(H Mizl):O — T(x,z)=T(z,x)=0 = (A.l) holds.

1221 #21;

That is, whenever at least one agent whose actions in x and z differ is given no chance to
revise his actions, there is no way to transition from x to z or from z to x in one step of the
revision process. As a result, in the remainder of the proof, we focus on the complemen-

tary case in which x and z are such that

y( I ui:1> > 0. (A.2)

X1 721

Let 71; (z1; | x2) denote the probability that the agent i who is called upon to revise his
action by best-responding to the previous-step action profile x opts for an action zy; €
{0,1}. This probability depends on x only through x, thanks to the bipartite structure of

the two-sided market. Because ¢; is distributed logistically, 7t; (z1; | x2) satisfies

o=l (b1i+WIx2)

i (z1i | x2) = (A.3)

1 +eb11’+WIX2’

where we have innocuously set ¢ = 1 to carry less notation; o = 1 stays for the rest of the
proof. Because all (¢1;)", are independent, the transition probability T takes the form

1

T(xz)= Y. y(u)H(uim(zli|x2)-|—(1—ui)1{zli:x1i}>. (A.4)

ue{0,1}" i=1
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Using the definitions of T in (A.4) and P in (3) and z; = xp, the detailed balance
condition in (A.1) can be written as

eblTxl —|—b2 x2+x1 Wxo 1y

Y u]] <”i7Ti (z1i [ x2) + (1 — u;) 1{Zli:x1i}>

T Tw
yye? YWy g i=1

eb;zl+b;x2+zIWx2 ny

_ Yuw]] (uiﬂi (x1i | x2) + (1 —u;) 1{Zli:xli}> :

Y, Ty ty Wy &

Cancelling the normalizing constant in the denominator and simplifying gives

Yo u (u) T2, (” 7 (xai | x2) + (1 — ;) 1{Zli:x1i}>

— eblT(xl—Zl)+(X1—Z1)TWx2. (A5)
Zu .u ( )H (l/l 7-(1 (211 | Xz) + (1 - ui) l{zli:xli}>

For some partition (A, B,C) of the indexset {1,2,...,n;}, we have x;; = 1 and z1; = 0 for
alli € A, x;; = 0and zy; = 1 foralli € B, and x1; = zy; for all i € C. With this notation,
the left-hand side of (A.5) becomes

Yut (W)U () [Tic auimi (1] x2) [Tiep uimi (0 ] x2)
Yot (@) U () TTieauiri (0 | x2) TTiepuirti (1| x2)”

where U (u) = [Tice (uim; (%15 | X2) + 1 — ;). Substituting the definition of 7t; from (A.3)
into the display above gives

Uj

-
1+eb1i+w. Xp

Yt (W) U (u mzeA”eh”w

+W o X2 HIGB

-
u; 1T Wigx2

Yuru (@)U (u)[Tica W [Tics W
. T
Yupt () U (w)[Ticaun W TTicq ehitWixe
_ 1+e 1i e 2
N i by +W/T
Zu H (u) u (11) HiGAUB H_bhum HiEB ePitWx2
e ie

[Tie et

[liep et

where the last equality relies on the cancellation that can be carried out thanks to the
assumption in (A.2). The right-hand side in the display above equals the right-hand side
in the detailed balance condition (A.5), which is thereby verified.
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A.2 Proof of Proposition 2

We begin by mapping our notation into that of Jiang, Wu, Jin and Wong (2018) (JWJW,
henceforth). Set o = 1 without the loss of generality. Define the parameter vector 6 by
stacking the model parameters in (W, b), and define the function ¢ (x) by stacking x and

the interactions of the variables in x:

b X
Wi X11X2
=] Wr | € R*T" and ¢ (x) = | xpx2 | € R*TM™, (A.6)
Wi X1n,X2

Let ® C RY with d = n + nyn, denote the compact parameter space where 6 is a priori
known to lie. We distinguish the true model parameters, 6,, by the asterisk.

Define the cumulant generating function A (6) = log}_, . (0,1}" ¢ ¢()_ The sBRE prob-
ability (3) of a participation profile x belongs to the canonical exponential family because
it can be rewritten in the form IP (x | §) = ef #()=A(®),

We now verify each of the assumptions A1-A6 for JWJW’s Theorem 2.1 one by one.

Assumption Al requires that the parameter space © be a convex and compact subset
of the natural parameter domain D = {0 € R?: A (0) < oo}, and that the true parameter,
denoted here by 6,, lie in the interior of ®. The compactness of ® and the interiority of 6,
are the maintained assumptions in our paper. The inclusion ® C D is immediate because
A () < coforall & € RY.

Assumption A2 requires that there exist a positive constant L such that, forall 6 € ©,
we have x (P (- | 6x),P (- | 0)) < L||6. — 6]|, where x is a notion of divergence between
two distributions described in JWJW'’s Definition 2.1. JWJW note that A2 holds whenever
A is in the exponential family with A () < oo, which is the case in our model.

Informally, assumption A3 requires that the best-response dynamics converge to the
stationary distribution uniformly fast in 6. Formally, JWJW state assumption A3 as the
requirement that a certain £2-spectral gap be bounded away from zero uniformly in 6. In
order to restate their condition for our finite setting, we introduce additional notation. Let
Ty = (Ty (x,2)) xz denote the (ergodic) transition matrix of the Markov chain induced
by the best-response dynamics in the two-sided market parameterized by 0. Let h =
(h(x)), € R?" denote a vector whose entries are indexed by a participation profile x. Let
Teh € R?" denote the vector defined by (Tgh) (x) = ¥, Tg (x,z) 1 (z). Let (-,-) g denote
the inner product defined by (h, h’) g = Y0132 1 (%) I’ (x) IP (x | 0) for all vectors h and
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h'. Let ||-|| ¢ denote the norm induced by (-, -) g. Define 1 = (1,...,1). With this notation,
JWJW’s assumption A3 becomes

sup sup {[[Toh|[g: (h,1) =0} <1, (A7)
0€® |[h|o=1

which—as we explain below—is a fancy way of specifying that the second largest eigen-
value modulus of the transition matrix Ty must be bounded away from 1 uniformly in 6.
That is, the spectral gap must be positive. Because, for all the action revisions protocols
that we consider, the Markov chain induced by the associated best-response dynamics is
irreducible and aperiodic for all 6, the Perron-Frobenius theorem implies uniqueness of
the largest eigenvalue, 1. This uniqueness immediately implies a positive spectral gap.
This gap is bounded from zero uniformly in 0 because 6 is assumed to come from a com-
pact set ©, and because all eigenvalues are continuous in 6.

It remains to explain why the inequality in (A.7) is concerned with a spectral gap.
Because the stationary distribution IP (- | 6) satisfies the detailed balancedness condition
(A.1), introduced and verified in the proof of Proposition 1, the operator T} is self-adjoint
(see, e.g., Bremaud, 2020, Theorem 9.1.2, p. 290); that is, (h, Tgh')y = (Tyh, h')y for
all h and h'. Then, by the spectral theorem, there exists an orthonormal basis of the
space on which Ty acts: Ty = leil )LiviviT, where each A; is an eigenvalue, and v; is
the corresponding eigenvector with ||v;||, = 1. (Even though the eigenvalues and the
eigenvectors depend on 6, we suppress this dependence for brevity.) Let |A1| > |[Az]| >
.-+ > | A | without the loss of generality. By the Perron-Frobenius theorem, the largest
eigenvalue is |A1| = 1, with the corresponding eigenvector being v; = 1, and the second-
largest eigenvalue modulus is |A,| < 1. Therefore, for any h with (h, 1)y = 0, there exist
coefficients {c;} #', such that h = Y'2", c;v;. If, in addition, h satisfies ||h||, = 1, then

2 . 2 \?
I Tehllg = (Z C%?) < [A] (Z C?) = [Aa| [[h[l o = [A2],
i=2 i=2

with equality if and only if h = v;,. Therefore, the inner sup in (A.7) equals the second
largest eigenvalue modulus.

Assumption A4 requires the random variable ¢ (x) when x is distributed according to
a certain probability distribution on {0,1}" to be subexponential (i.e., to abhor “fat tails”).
Because each x in {0, 1}" isbounded, ¢ (x) is also bounded and, therefore, subexponential
for all distributions of x.
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Assumption A5 requires the expected potential after m steps of the best-response dy-
namics to depend continuously on 6. Formally, letting x" denote the random variable
that is the participation profile after m steps of the best-response dynamics, A5 requires
the expectation IE [0 ¢ (x™) | x, 0] to be Lipschitz continuous in 6 for all x. Note that, in
our case, the m-step transition matrix is continuously differentiable in 6, and, therefore,
the expectation is also continuous. A continuously differentiable function is Lipschitz
continuous on the compact set ©.

Assumption A6 bounds the variance-covariance matrix of ¢ (x) conditional on x and
6. Because all x in {0,1}" are bounded, ¢ (x) is also bounded. The variance-covariance

matrix is therefore also appropriately bounded.

A.3 Proof of Proposition 3

Consider an instance of the two-sided market in which each entry of the matrix W is 1,

and each entry of the vector b is — for some positive scalar B that satisfies

1 1,1 2
< —+=<z A8
B <m "m B (A-8)

For any participation profile x, the potential satisfies:

T T n np ] 12
b x+x 1Wx2=22x11~x2]-—,6 lei—FZXQj
i=1j=1 i=1 j=1
ny np 53511' ‘szj
:ZZ X1iXoj — —— —
i=1j=1 2 m

i=1j=1 (xy)€{01}?

= 111y max {0,1 — E — ﬁ}

np m

EE (BB

=0,

where the last equality follows from the first inequality in (A.8). As a result, the potential
is bounded above by zero. This upper bound is uniquely attained at x = 0. Therefore,
as ¢ — 0, sBRE converges in probability to x = 0, the maximizer of the potential. The
associated welfare converges to zero.

For any participation profile x, the utilitarian welfare satisfies:
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ny np 11 112
b'x+2x"1Wx, =2) ) xyix — B (2 xii+ ) x2]’>
i=1j=1 i=1 j=1
ny My X1: ‘BXZ‘
= Z Z (th-xzj - & - —]>
no n

i=1j=1

< npnp max <2xy _hx_ @)
X,y ny n

= nqnp max {0,2 — ﬁ — ﬁ}
no n

:n1n2< —%—n%),

where the last equality follows from the second inequality in (A.8). As a result, the welfare
is bounded above by the positive scalar 111, (2 — T% — n’%) . This upper bound is achieved
at the participation profile x = (1,...,1).

Conclude that, as ¢ — 0, for the specified instance (W, b), the welfare at sBRE con-
verges to zero, whereas the welfare at the utilitarian solution converges to a positive num-

ber. The price of anarchy—the ratio of the two limits—is thus infinite, as claimed.

A.4 Proof of Proposition 5

The proof proceeds by two examples, in two parts. The example in part 1 does not require
W to be nonnegative. The example in part 2 does and, for this reason, is a little more
involved.

In both examples, n; = np, = 2. Side-1 agents are denoted by 11 and 12 and side-2
agents by 21 and 22. The strength of the heterogeneous network effects among them is
captured by a matrix W that is parameterized differently by a positive scalar w in each of
the two examples. The standalone values from participation are in the example-specific
vector b. With w and b implicit, let E"*¢ denote the expectation under the sBRE distribu-
tion IP'"*¢ defined as IP in (3). Realizations of participation profiles drawn from P are
the data that a platform uses to infer model parameters.

The correctly specified platform, which recognizes that the underlying W may cap-
ture heterogeneous network effects, estimates w and b consistently from the data, for
instance, using the maximum likelihood technique, as per Lemma 1.
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The misspecified platform starts from the false premise that the network effects are
uniform, so that the perceived matrix U of network effects satisfies

u u
U:< ),
u u

for some scalar u. The perceived standalone values are denoted by an a. With this nota-
tion, the misspecified platform believes that the sBRE probability of a participation profile
X is

exp (a'x —+ u (x11 + x12) (%21 + x22))
Yyeonexp (@Ty +u (v +y12) (v +v22))

[priss (x| U,a) =

Let ™5 denote the expectation under the misspecified distribution P"*, with parame-
ters u and a implicit.

In its attempt to identify the model parameters, the misspecified platform works out
the likelihood function under the misspecified model and derives the three counterparts
to the first-order conditions in (5):

B [(x11 + x12) (21 + x22)] = E™ [(x17 + x12) (%21 + x22)] (A.9)
E7 [xy;] = E™S [xy], i=1,2 (A.10)
Eirue [x2]_] — s [ij] , ] =1,2. (A.11)

Part1

Let
b=0 and W:( w —w)'
—w W

_ &Xpw (x11 — x12) (21 — x20)
124 2exp (w) +2exp (—w)’

Then,

]Ptrue (X | W,b)

which implies that each agent participates with probability %, and that participation de-
cisions are correlated, positively for the agent pairs (11,21) and (12,22) and negatively
for agent pairs (11,22) and (12,21). The platforms identify model parameters off the data
generated by this equilibrium behavior.

The correctly specified platform correctly identifies w and obtains the optimal revenue
that is bounded below by B; (w), the revenue from deploying (possibly suboptimally) the
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best uniform admission prices and no interaction prices:

sup IT,;“ (P, p) > By (w) = sup I (p),
P p

where (with some abuse of notation)

I (p) = 1" (0, (P py s p)) = P (X [ W, (=p, —p, —p, =P)) (x11 + X12 + %21 + X22) p.
X
Define the optimal uniform admission price p'™ (w) to satisfy I1“¢ (p'™ (w)) = By (w).

Now let us turn to the inference problem of the misspecified platform. Moment (A.9)
directs the platform to (wrongly) conclude the absence of interaction effects: u = 0, or
U = 0. Indeed, the aggregate side-specific turnouts x1; + x12 and x»; + x22 are uncorre-
lated. The positive correlation between x1; and x,; is exactly offset by the negative corre-
lation between x;; and x7;. The positive correlation between x1, and xy is exactly offset
by the negative correlation between x1, and xp;. The platform (as it happens, correctly)
infers from moments (A.10) and (A.11) that all standalone values from participation are
zero: a = 0.

Having failed to detect network effects and standalone values, all that the misspecified
platform can hope to exploit are the mistakes that the agents make when best-responding.
To this end, the platform optimally (for the misspecified model) chooses a uniform par-
ticipation price p™** that maximizes the expected revenue:

miss

p € arg m;?x [1miss (p),

where
17 (p) = Y P (x | 0, (—p, —p, —p, —P)) (pxX11 + px12 + pxo1 + pxa) .

miss

Crucially, p*°, which is positive but admits no explicit expression, is independent of the
underlying parameter w.
We now show that, as w grows, under the true model, the expected revenue under

p"iss is a vanishing fraction of the optimal expected revenue:

- H%ue (pmiss)

= 0.
w00 SUPp [Tirve (P, p)
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The argument proceeds in a sequence of steps that exploit the properties of the functions
1755 (.) and IT{%¢ (-). These properties are stated below without proof and can all be
verified analytically:

* limy .o [1miss (p) =0and [miss (p) > 0 for some p imply pmiss < 0.

o limgy 00 I117% (p) = 2p for all p and p™** < oo imply limey—e0 [TEH (p™5%) < o0;

limy,—y0 T (w/3) = oo implies limy—c0 By (w) = o0;

0.

I1i7ue (p™iss) > 0 ensures that the limit of interest can be sandwiched between two
zeros, thereby proving the desired result:

true ( ,,miss true ( ,,miss
0< fim — e P, Tt (P™)

= 0.
~ w—eosupp I (P, p) — w=ee By (w)

Part 2
Let
blz(_w/2>, b2:<_w/2>, and Wz(wo).
0 0 0 0
We shall show that

. SupP,p H%ue (P/ p)
lim =

W00 H%ue (inﬁss’ p%iss) -

where I177 is defined as in Part 1 of the proof, and (P, p,) is an optimal pricing
scheme under the misspecified model.
The sBRE has

w w
P (x | W, b) o« exp (- <Ex11 + 53621) + wx11x21> / (A.12)

which implies that x1, and xp;—the variables not linked by the network effect w—are
iid Bernoulli(%) and independent of the variables x1; and xp; linked by the network
externality. For the linked variables x1; and x;;, the probabilities of the four outcomes
(0,0), (1,0), (0,1), (1,1) are proportional to

_w _w
l,e”2,e 2,1.
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As a result, the moments to be matched in (A.10)—-(A.11) are
1
]Etrue [xll] — ]Etrue [xu] — IEtrue [x21] — ]Etrue [x22] — E (A.13)

The moment to be matched in (A.9), computed from E" [x11x51] = 1/ (2 (14 e~ %/2))
and E"¢ [x1,x,;] = E"™¢ [x1;] E"™ [x,;] = { for all other i and j, is

E7 [(x11 4 x12) (%21 + X22)] = 2 + m,
which does not exceed 451 and, as w — oo, converges to 451'

The correctly specified platform recovers the underlying parameters correctly and
prices optimally. Under the correctly specified model, we can bound the optimal rev-
enue supp , [17¥¢ (P, p) from below by the revenue under the pricing scheme that has
P11 = w/2, p11 = p21 = —w/4, and all the remaining entries in P and p set to zero. The
revenue bound can be verified to be

LS

1—e
1+e

7

w
Bz(w):zx

=g

where the second term is increasing in w. For w > 4log 3, we have (1 — e’%> / (1 + e’%>
%, and, as a result, By (w) > w/8.

Because the misspecified platform assumes homogeneous network effects, and be-
cause all expectations in (A.13) are the same, the misspecified platform infers uniform
standalone values a = (a,...,a), for some a. Then, under the misspecified model, the

probability "5 (x | U, a) of a participation profile x satisfies

]Pmiss (X | U, a) x exp (a (xll + x12 + X21 + xzz) +u (X11 + x12) (le + xzz)) .

The moment conditions (A.9)—(A.11) require a = —u and require u to satisfy
246 ; 3 1
= = E""¢ =-—+————. (Al4
g (u) R Tp—TT [(x11 + x12) (%21 + x22)] its (e ) (A.14)

Because g satisfies g’ (1) > 0, ¢ (0) = 1, and lim, 0 § (#) = 2, and because the moment
¢ [(x11 + x12) (x21 + X22)] is contained in (3, 3), the equation in (A.14) has a unique
solution for u. This solution, denoted by 1y, is positive, continuous in w, and bounded

above uniformly in w.
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The misspecified platform maximizes the expected revenue under misspecified belief:

max Y P (x | Uy — P,ag — p) (pTx + 2x1TPx2) ,
P.p x€{0,1}"

where (Uy, ay) depend on w through 1. For each uy, the optimal prices in the dis-
play above are bounded because prices enter the revenue linearly but are collected with
probabilities that vanish exponentially when prices rise. Because u; is bounded in w,
the optimal prices are also bounded in w. As a result, the maximization problem in the
display above consists in maximizing a continuous function over a bounded set. By the
Weierstrass theorem, a solution, denoted by (P%iss, p%iss), exists. Because each compo-
nent of the solution is bounded uniformly in w, say by a constant M, the revenue that

(P%i“, p%iss) delivers under the correctly specified model is bounded, too. That is,
, , - NT ,
ratee (s, pliss) = gt {(p?S) X +2x] PIx, | < AM +2 x 4M = 12M < o.

We conclude that

o o (PR py™) . - 12M . 12M
w00 SUpp [Tirwe (P,p) — w—oo By (w) w—eo w/8

0,
as desired.

A.5 Proof of Remark 2

Below we relate the assumptions of Theorem 4.2 of Glaser, Huang and Gretton (2024)
(GHG, for short) to the previously verified (in the proof of Proposition 2) assumptions of
Jiang, Wu, Jin and Wong (2018) (JWJW, for short).

GHG’s assumptions Al, A2, and A5 are the same as JWJW's respective assumptions
Al, A2, and A5.

GHG’s A3 is weaker than JWJW’s A3, as discussed towards the end of GHG’s Sec-
tion 3.1.

GHG’s A6 is weaker than JWJW’s corresponding condition A4 (not A6); GHG’s A6
imposes subexponential tails only for the true parameter, whereas JWJW’s A4 imposes
subexponential tails for all parameters.

GHG’s A4 is stronger than JWJW's corresponding condition A6 (not A4) but still holds
in our setting, as we now show. In order to state GHG’s A4, just as in the proof of Propo-
sition 2 in Appendix A.2, we let Ty denote the transition matrix of the Markov chain
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induced by the best-response dynamics in the two-sided market with parameters (W, b)
stacked into the vector 6, as in (A.6). We let Tém] denote the associated m CD step tran-
sition matrix. For all x € {0,1}" and some positive integer m, let 75["1] (x) denote a ran-
dom variable whose law is given by the transition distribution T[em} (x,-) for m CD steps.
GHG's A4 requires that there exist a v > 2 such that for all m € IN, there exist a «; ;; < o0
such that
val/v
} < Kv,m,

sup sup E ¢ (7" 00) —E g (7" (0)]

where || - || denotes the Euclidean norm, and ¢ maps a participation profile into a binary
vector as described in (A.6). (JWJW’s A6—not A4—is weaker because it replaces v > 2
in the condition above with v > 2.) Because ¢ (x) € {0,1} """ for all x € {0,1}", the
norm in the display above almost surely satisfies

H<P (TGM (x)) ~E [4, (7—9[m] (x)>] H < Vitmm forall xe {0,1)+mm,

As a result, we have

1/:| 1/1/

soup 5o (17 0) o (5 0)]| T <50 = i

forall v > 0 and, in particular, for v > 2, as GHG’s A4 requires.
Conclude that our model satisfies all the hypotheses in GHG’s Theorem 4.2.

A.6 Proof of Remark 3

First, we extend the model by assuming that agents on side 1 of the market capture a
fraction 0; of the bilateral benefit from pairwise interaction, whereas agents on side 2
capture a fraction 6, with 6; + 6, = 1. This is how asymmetry is usually modeled in
the two-sided markets literature. The burden of this extension is purely notational; no
conceptual innovation is required to extend our results to this more general case.

The total benefit from the bilateral interaction between agents i and j on sides 1 and 2
of the market is 2W;;, just as before. Now, however, i and j need not share this benefit
equally. Instead, agent i, on side 1, collects 26; Wij; in interaction benefits, and his counter-
j, the remainder.

The standalone values from participation for agent i on side 1 and agent j on side 2

party j collects 20, W;

are, respectively, 261b1; and 26,by;, where 261 and 20, are the scaling factors. With this
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new notation—but without prices—agent i’s and agent j’s payoffs are
201x7; (bli + XZTWZ‘.> and 2923(2]‘ <b2] + XIW.j) .

Agent i’s payoff is strategically equivalent to xy; (bli + sz Wi.), which is the same as in
the baseline model. Ditto for agent j. As a result, CD consistently estimates (W, b), just as
it did before. The underlying payoff parameters are then readily recovered from (W, b)
by performing the requisite multiplication by 26; and 26,.

Prices are now assumed to be parameterized by price-parameters (P, p). Agenti on
side 1 pays 20; py; for access and 26, P;; for interacting with every agent j who shows up

on side 2. Under a pricing scheme (P, p), agent i’s payoff is
261 x1; (bn — Pt X (Wie — Pi.)) :

This payoff is strategically equivalent to xy; (bli —p1i + sz (Wie — Pi.)), the same as in
the baseline model. The situation of agent j is analogous. As a result, the probability of
observing a participation profile x remains IP (x | W — P, b — p), with P defined in (3).

The revenue-maximization problem becomes

rrl}ell)x Y, P(x|W-P,b—p) (291p1Tx1 +26,p5 X2 + 2x1TPx2) .
* xe{01}"

Proposition A.1 restates Remark 3 formally.

Proposition A.1 (Do not Divide; Conquer). In the model’s extension described above, if the
price-parameters have P = (1 — /o) W, p1 = (1 — 611/0) by, and po = (1 — 62+/0) by, then
the equilibrium revenue converges to the first-best welfare as ¢ — 0.

Proof. One can verify that, under the price parameters specified in the proposition, the ex-
pected revenue approaches the first-best welfare maxy {291b1Tx1 + 292sz X2 + 2x1TWx2}
aso — 0. |

In Proposition A.1, agent i on side 1 pays 2607 (1 — 611/0) by; for access to the market
and approximately 261 (1 — /o) Wj; for interacting with every agent j who shows up on
side 2. Recall that the corresponding benefits experienced by the agent are 26,b;; and
20,1 Wij, respectively. As a result, for a “small” o, each agent i parts with approximately
his entire surplus. The platform conquers all and does not divide.
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