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Every participant interacts with all the participants from the opposite side:

two-sided markets (Rochet-Tirole...) # two-sided matching (Gale-Shapley, Roth...)
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A startup platform faces two challenges:

e to learn or estimate parameters (W, b)
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® to set prices p

today’s focus
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The startup’s problem suffers from the scalability problem

e as #agents increases, estimating parameters (W, b) becomes exponentially harder

/\

#action profiles = o#nodes

Two-Sided Market (2SM) Restricted Boltzmann Machine (RBM)

e the RBM is a class of neural networks

 com— e the RBM has a scalable training algorithm,

called the Contrastive Divergence (CD)




Participation Data

Assume that the participation data {X(t)}thl is generated according to some equilibrium

X DX DX DX

X,(1) = (1,1) X,(2) = (1,0) X,(3) = (0,0) X,(I') = (0,1)
x(1)=(1,1) X;(2) = (1,0) X;(3) = (1,0) x,(I') = (1,0)



Participations

X, € 10,1}

x; € {0,1}™

X = (Xp Xz)

n = n; + n, nodes

Parameters

b, € R™

b — (bl’ bz)

Notation



Equilibrium
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Equilibrium

The 2SM model has a unique SBRE:

exp(b'x + x{ Wx,)

D exp(bTy +y[Wy,)
ye{0,1}"

P (x| W,b) =

The startup’s challenge:

How to estimate (W, b) from i.i.d data {X(t)}T drawn from the SBRE?



The maximum likelihood estimator (WM, bMb) is consistent:

1 I
{((WM-bMb)} = argmax — ) InP (x(r) | W,b)
(W.b) thl

=L(W,b)

IA
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2" terms < the scalability problem
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Restricted Boltzmann Machines

A RBM is a two-layer neutral network with layer 1 visible and layer 2 hidden

5 (x | W, b) exp(b'x + x{ Wx,)
X . —
D exp(bTy +y[Wy,)

ye{0,1}"

Fully visible RBMs are not used

in the machine learning contexts

Are 2S5Ms and RBMs just similar?

N

2SM models = fl.l"y visible RBMSs (with both layers visible)

e the 2SM utilities determine the RBM energy b'x + XITWXZ, and vice versa

 the RBM energy is the potential function of the 25M model
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Contrastive Divergence
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How about approximating the sum using MCMC (stochastic best-response dynamics)?

VL = —Zx(t) — Z P(y| W,b)y
ye{0,1}"
x expectation thl X[k](t)/T
e for all data ¢

data x(f) ~ X[ll](t) ~r xgﬂ(t) AT eee X[lk](t) ~r X[zk](t) ~1 ¢ MCMC is slow
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Contrastive Divergence

How about approximating the sum using MCMC (stochastic best-response dynamics)?

— —Zx(t) - ) P(yIW.b)y

vV, L

e for all datar

data x(r) ~

data X,(?)

data x(?)

X, (1)

ol
X, (?) <

ye{0,1}"
x expectation thl X[k](t)/T

runs MCMC transitions for k times (e.g. k= 1)

stevp 1

/

e the approximated gradient is biased

e but somehow it works well

The Contrastive Divergence (CD-k) method

data x.7(7)

N

data x!'l()

13



Contrastive Divergence

The CD has achieved an empirical success

e empirical evidence that the CD estimator is biased

But the CD estimator is consistent under certain conditions (Jiang-Wu-Jin-Wong 201 8)

e in exponential families, there exists k such that the CD-k estimator is consistent:

M

- - 1 ru ru
fim plim - 3, (W ) = (W)

Their condition is not satisfied in machine learning settings

e butitis satisfied in our 2SM-RBM applications

14



Mean Squared Error (MSE)
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Maximum Likelihood Estimation
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e n, =5 and n, = 5 (#total nodes n = 10)
e 2" ~ 1,000 terms in the sum for each minibatch

Comparison

e CD-1 is slightly faster than ML

- A s W) h“n“ A,h‘.‘ AW W AL LN A Aoy \ L M NN ™ AV

» v_ T -

120

240

360 480 600 720 840 960 1080 1200
Time (seconds) dataset size = 100,000 and batch size = 1,000

15



109 -

Mean Squared Error (MSE)

Simulation

1071 1

ML

CD-1

Maximum Likelihood Estimation

e n, =10 and n, = 10 (#total nodes n = 20)

e 2"~ 1,000,000 terms in the sum for each minibatch
Comparison

e CD-1is nearly 10 times faster than ML
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Mean Squared Error (MSE)

Simulation

Maximum Likelihood Estimation

109 -

1071 |

1072

CD-1

e n, =15 and n, = 15 (#total nodes n = 30)

Comparison

e however, CD-1 works well

e ML does not run due to the scalability problem

e 2"~ 1.000,000,000 terms in the sum for each minibatch
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Summary

A tractable model of two-sided markets with heterogeneous networks

Two-sided markets are equivalent to (fully visible) RBMs
e CDis ascalable algorithm for RBMs

e CD is a consistent estimator in our two-sided market applications

A startup will set prices p

e if the startup assumes network homogeneity by misspecification, it loses revenue

18



