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Agents are uncertain about...
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Equilibrium actions are conditionally correlated given state 6

The average action a, = 1 Ziai has endogenous volatility
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Endogenous Volatility

exogenous volatility

variations of fundamentals
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Endogenous Volatility
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State 6

e common prior 7 € A(finite ®)

Agentsi=1,2,...,n

e action a;,=1o0r0
» payoff u(a.0) =1 g fa =0

strategic interaction (n = o) is

described by the limit potential:

o) _ S,
. Cln _ an Vn(a9 9) n—>o<\> a —
° potentlal Vn<6l, 9) — n(; — Qan> -+ 7 ; g Oa

» even if we replace u; with v, agents' behavior does not change

Example
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1
n— 1 i Y

0 ay ..., d,

state actions average action

aggregate

Agent i optimizes over conditional action distributions Pl-(ai | a_,, 6’):

max [ [ui(ai, a_;, 6’)] — info cost
P.
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Entropy cost

info cost = unit cost 4 X uncertainty reduction in terms of entropy

=1 = prior entropy — E[posterior entropy]
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Equilibrium Denti '23 Hébert-La’0 23

strategy

Pi (ai ‘ C_l—ia Q)

equilibrium = fixed point

avg action & state

(a_—i’ 6)

An equilibrium is a joint distribution P*(a,, ..., a,, 0) such that:
e optimality: conditional distribution P (a. | a_,,0) = agent i's best response

e consistency: marginal distribution of state 6 = prior x

focus on symmetric equilibria
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Interpretations Denti'23 Hébert-La'O '23

A blend of two equilibrium concepts

 Bayesian Nash Equilibrium

» agents optimize under uncertainty
Grossman-Stiglitz (1980) etc.

e agents condition their behavior upon an

* Rational Expectations Equilibrium endogenous average action (e.g., prices)

» agents condition their behavior upon an endogenous average action

16



Every Equilibrium Is Biased-Logit Matgjka—McKay '15 Denti'23

g is the unconditional action distribution

gi(a) =) Paza_,0)
a_; o

exp |v,(a.0)| []4(a)
' =1

Pi(a]0) =

normalizing constant




Every Equilibrium Is Biased-Logit Matgjka—McKay '15 Denti'23

g is the unconditional action distribution

gila) =Y P¥a,a_,0)

a_;,0

P;lk(a ‘ 9) X €Xp _Vn(aa 9)_ H q;f(al)
' =1




Aggregate Action Distribution

), Pialo)

a.a,~Xx
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Aggregate Action Distribution

), Pialo)

a.a,~Xx

T exp

a:d,~x

v (a,0)

ﬁ g, (a;)
=1
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v,(a,0) depends on average a, = x

v (x, 0) is continuous

%

Aggregate Action Distribution

@ 0| T]ar@
' T =1

Z ﬁ q, (a;)

a:an%x =1
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v (a,0) depends on average a, ~ x

v (x, 0) is continuous

%

Aggregate Action Distribution

Z eXp _Vn(aa 6))_ ﬁ q, (a;)
a.a,~x _ T =1
exp :Vn(xa (9): Z ﬁ q*(a)

a:an%x =1

potential reward vs deviation penalty
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exp

v (x,0)

= exp[n-

v.(x, 0)
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exp

v (x,0)

v.(x, 0)

n

= exp[n-

the limit potential:

Vn(xv 9) n—oo

N
Vd

n

2

(x,0) = =
[0 = 5

] X exp [nf(x, 6’)]

0 x
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Y [[g@= ¥ (Z)(q;f<1>)k(q,z*<<0>)"-k

aa,~x i=1 k:kin=x



D ﬁq,ff(ai) = ) (Z)(q;"(l))"(q2‘<(0))”"‘

aa,~x i=1 k:kin=x

large deviations have low pr.

_

g (1)
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D ﬁq;f(ai) = )

k:kin~x

aa,~x 1=1

large deviations have low pr.

_

(Z) (45(D)*(g(©))"* ~ exp| = nKL(x | %)

g (1)

Kullback-Leibler Divergence (KLD)

KL(xHq*) = x log - (1 —x) log :

e g% =lim, g¥(1)
o KL(x[lg*) >0 (with "=" & x = g*)

Large Deviations Theory

 how fast large deviations prob. decay

Pr(large deviations event)

X exp [— n - convergence rate]

e non-iid case but KLD rate
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Pr(c'z

%

x\é’) X €exp

v (x,0)

KLD-Regularized Potential

Z ﬁ g, (a;)

aa,~x 1=1

21



Pr(c'z

n

n
ny/

KLD-Regularized Potential

x\é’) X €exp :vn(x, (9): Z ﬁq,;k(ai)

blue ~ exp

red = exp

aa,~x 1=1

:nf(x, «9)]

:—n KL(xH q*)]
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exp|v (x, 0)

KLD-Regularized Potential

2 ﬁ g, (a;)

aa,~x 1=1

blue ~ exp _nf(x, 9)]

red = exp . n KL(x | q*)]

exp[n

:f(x, 6’) — KL(x | q*)_ |
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KLD-Regularized Potential

n CXp :Vn(x, 9) Z ﬁ g, (a;)

aa,~x 1=1

Ql
22
Q

blue ~ exp _nf(x, «9)]

red = exp . n KL(x | q*)]

a Nx\é’ X exp[n_f(x,é’)—KL(XHCI*)“

KLD-regularized potential F (x, qg*, 9)

e trade-off: potential reward vs deviation penalty

21



Pr(c'ln ~ X 6’) X

exp

-nF(x, q*,é’)_

KLD-Regularized Potential

KLD-regularized potential
F(x, q*, 6’) = f(x, (9) — KL(x | q*)
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KLD-Regularized Potential

exp _nF(x, g, 9)_

KLD-regularized potential
F(x, q*, 6’) = f(x, (9) — KL(x | q*)

%

Pr(c'zn X | 6’)

normalizing constant
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QA
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KLD-Regularized Potential

normalizing constant

exp | n F(x, q*, 6’)

exp

exp [ n F(x, g™, «9)

| 7 max F(z, g™, 6’)

<

exp

| n F(x*(@), g, (9)_

KLD-regularized potential
F(x, q*, 6’) = f(x, (9) — KL(x | q*)

KLD-regularized potential maximizer
x*(0) = arg max F(z, q*, 9)
<
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| exp _nF(x, q*,é’)_

>0 Vxfar from x*(6)

exp | n F(x*(@), q*, (9)_

Varadhan’'s lemma

Pr(a, ~ x*(0) | 0) — 1

(| ————— e , i S
0.0 0.2 0.4 0.6  x*(0) 0.8 1.0




Main Result: Equilibrium = Representative Agent

As #agents n — oo, the equilibrium is as if a representative agent were solving
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Main Result: Equilibrium = Representative Agent

™

JAXS

#agents n — oo, the equilibrium is as if a representative agent were solving

e the KLD-regularized potential

KLD-regularized potential
x*(0) € argmax F (x, 0 6’)
X

F(x, q*,@) — f(x, 6) — KL(x | q*)

» g* = lim, g* by definition

A A A B T A A R [ A A A A T B A A DA D A DA A A A DA DA A DA A DA A DA DA A DA A A D e A DA D L A DA A0 L A A A A0 A A A A G0 LA A A A GO LA A

similar to, but different from, individual problems
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Main Result: Equilibrium = Representative Agent

agents n — oo, the equilibrium is as if a representative agent were solving

e the KLD-regularized potential

KLD-regularized potential
x*(0) € argmax F(x,g*,0)
X

F(x, q*,é’) = f(x, 8) — KL(x | q*)

» g* = lim, g* by definition

* the expected limit potential — entropy costs

(x*, q*) € arg max Z ﬂ(é’)f(x(é’), 9) — entropy costs
X, 0

similar to, but different from, individual problems

e individual: f(x,0)is linear in x

e representative agent: f(x,0) is not linear in x

25



Main Result: Endogenous Volatility

|
™

1

(- |

fagents n — oo, the equilibrium is such that

e foranyclosed C =[c,c]withc <

x*@) &€ C = IlmPr(a,eC|0)=0 exponentially fast
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Main Result: Endogenous Volatility

|
™

1

(- |

fagents n — oo, the equilibrium is such that

e foranyclosed C = [c¢,clwithc <

x*@0) &€ C = 1lmPr(a,€C|0)=0 exponentially fast

A (0.9)




Endogenous Volatility

YETLREH

As #agents n — oo, the equilibrium is such that

e foranyclosed C =[c¢,c]lwithc <

0 exponentially fast

,€C|0)

a

(

Iim Pr
n—> 0

b () (G —




As

Correlated Information vs Independent Information

agents n — oo, the equilibrium is such that

correlated information — independent information

e correlated information

» an exogenous state # and an endogenous average a,,
e independent information

» an exogenous state 0

27



Why Not Law of Large Numbers?

As #agents n — oo, we cannot use the Law of Large Numbers

e correlation in finite-agent models

Pial0) o« exp|v,a0)| [[ai@)
' =1

Infinite-agent model with a continuum Law of Large Numbers (e.g., Hébert—La'O '23)

e “"n=00" equilibria # "n— 0" equilibria




Takeaway

Model

e all agents have a finite action space A

J potential v, depends on a state & and an empirical action distribution(a)

.
. : . n
limit potential f = lim 7 beauty contests, bank runs, political revolution, voting, etc.
n— Qo0

Equilibrium

* representative agent'’s problem:

expected limit potential — entropy costs

* endogenous volatility vanishes

29
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Entropy

Entropy H(X) is a measure of uncertainty of a random variable X:

H(X) = — 2. _Pr(x) log(Pr(x))




Entropy

prior entropy

H(a_,, 6)

Entropy H(X) is a measure of uncertainty of a random variable X:

H(X) = — 2. _Pr(x) log(Pr(x))




Entropy

prior entropy

posterior entropy
[Hl(d—ia 9 ‘ ai)

Entropy H(X) is a measure of uncertainty of a random variable X:

H(X) = — 2. _Pr(x) log(Pr(x))




Entropy

expected entropy reduction

0) — E[H(@_;, 0| a)]

prior entropy

posterior entropy
[Hl(d—ia 9 ‘ ai)

Entropy H(X) is a measure of uncertainty of a random variable X:

H(X) = — 2. _Pr(x) log(Pr(x))




Unconditional Action Distribution

Pial0) o« exp|v,(a0) [Tai@)
' =1

e ¢*isthe unconditional action distribution

gi(a) =Y Paza_,0)
a_.,o0

e ¢*is asymmetric pure NE of an auxiliary game (Denti '23)

» each player chooses an action ¢g; € [0,1] and has a common payoff function:

U(Qb AR Qn) = Z 72'(9) |Og Z exp [Vn(aa 6)] ﬁ ql'(ai)
0 a =1

» e.g. gFeargmax U(q, ..., q)
q




Rate of Convergence

For any closed C = [¢,c]l withc < C

x*(0) € C =—> lim Pr(c'zn c C| 9) = (0 exponentially fast

n—o0

The rate of convergence:

1 _
Iim — log Pr(an e C| 6’) = maXF(x, q*,é’) — max F(x, q*,@)

n—oo N xeC xe[0,1]

For large n

Pr(dn e C| «9) X exp _n(maXF(x, q*,é’) — max F(x, q*,@))_
L xeC x€[0,1] .




Varadhan's Lemma

The family of probability measures {4, }, satisfies the Large Deviations Principle if

u(E) ~ exp _ n 1nf I(x)_

xelk

e this function I gives the rate of convergence

» KL divergence: I(x) = KL(x || g*)

Varadhan’s Lemma:

Jexp 1) | (dr) ~ exp|n sup{dp(x) — Ix)}|  Vcontinuous and bounded ¢




“n = 00" Model vs “n — 00" Model

Example
e state 0 = £ 1 with equally likely prior z(0) = 1/2

e agentichooses actionag, = * 1

+1 iftsgn(a,) =0
—1 ifsgn(a,) # 0

payoff ui(a, 6’) = {
"n=o00" equilibrium # “n— c0” equilibrium
e n =00 =—> each agentacquires zero info

e n > o0 —> each agent acquires some info




